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Abstract 

We study the two-dimensional twisted (0, 2) sigma-model on various smooth complex 
flag manifolds G/B, and explore its relevance to the geometric Langlands program. We 
find that an equivalence - at the level of the holomorphic chiral algebra - between a bosonic 
string on G/B and a -B-gauged version of itself on G, will imply an isomorphism of clas- 
sical W-algebras and a level relation which underlie a geometric Langlands correspondence 
for G = SL{N,C). This furnishes an alternative physical interpretation of the geometric 
Langlands correspondence for G = SL{N,C), to that demonstrated earlier by Kapustin 
and Witten via an electric-magnetic duality of four- dimensional gauge theory. Likewise, the 
Hecke operators and Hecke eigensheaves will have an alternative physical interpretation in 
terms of the correlation functions of local operators in the holomorphic chiral algebra of a 
quasi-topological sigma-model without boundaries. A forthcoming paper will investigate the 
interpretation of a "quantum" geometric Langlands correspondence for G = SL{N, C) in 
a similar setting, albeit with fluxes of the sigma-model moduli which induce a "quantum" 
deformation of the relevant classical algebras turned on. 
*0n leave of absence from the National University of Singapore. 



1. Introduction 

The geometric Langlands correspondence has recently been given an elegant physical 
interpretation by Kapustin and Witten in their seminal paper ^ - by considering a cer- 
tain twisted A/" = 4 supersymmetric Yang-Mills theory in four- dimensions compactified on 
a complex Riemann surface C, the geometric Langlands correspondence associated to a 
holomorphic G-bundle on C can be shown to arise naturally from an electric-magnetic du- 
ality in four-dimensions. To be more specific, it can be shown that one can, for example, 
relate various mathematical objects and concepts of the correspondence such as Hecke eigen- 
sheaves and the action of the Hecke operator, to the boundaries and the 't Hooft line opera- 
tor of the underlying four-dimensional quantum gauge theory. Through a four- dimensional 
electric-magnetic duality, or a mirror symmetry of the resulting two-dimensional topological 
sigma-model at low-energies, one can then map the relevant objects on either side of the 
correspondence to their corresponding partners on the other side, thus furnishing a purely 
physical interpretation of the geometric Langlands conjecture. 

The work of Kapustin and Witten centres around a gauge-theoretic interpretation of 
the geometric Langlands correspondence. However, it does not shed any light on the utility 
of two-dimensional axiomatic conformal field theory in the geometric Langlands program, 
which, incidentally, is ubiquitous in the mathematical literature on the subject [21 [3l HJ El E] . 
This seems rather puzzling. Afterall, the various axiomatic definitions of a conformal field 
theory that fill the mathematical literature, are based on established physical concepts, and it 
is therefore natural to expect that in any physical interpretation of the geometric Langlands 
correspondence, a two-dimensional conformal field theory of some sort will be involved. It 
will certainly be illuminating for the geometric Langlands program as a whole, if one can 
deduce the conformal field-theoretic approach developed in the mathematical literature, from 
the gauge-theoretic approach of Kapustin and Witten, or vice-versa. 

Note that the gauge-theoretic approach to the program necessarily involves a certain 
two-dimensional quantum field theory in its formulation, a generalised topological sigma- 
model to be exact. This strongly suggests that perhaps a good starting point towards eluci- 
dating the connection between the conformal field-theoretic and gauge-theoretic approaches, 
would be to explore other physical models in two- dimensions which will enable us to make 
direct contact with the central results of the correspondence derived from the axiomatic 
conformal field-theoretic approach. The work in this paper represents our modest attempt 
towards this aim. 

The key ingredients in the conformal field-theoretic approach to the geometric Lang- 
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lands correspondence are, affine Lie algebras at the critical level without stress tensors [7], 
and W-algebras (defined by a Drinfeld-Sokolov or DS reduction procedure) associated to the 
affine versions of the Langlands dual of the Lie algebras [3 [8]. The duality between classical 
W-algebras which underlies the conformal field-theoretic approach to the correspondence, 
is just an isomorphism between the Poisson algebra generated by the centre 3(0) of the 
completed universal enveloping algebra of the affine Lie algebra g at the critical level, where 
Q is the simple Lie algebra of the group G, and the classical W-algebra associated to the 
affine Lie algebra ^0 in the limit of large level k' - VVoo(^0), where is the simple Lie algebra 
of the Langlands dual group ^G; in other words, a geometric Langlands correspondence for 
G simply originates from an isomorphism 3(0) ~ VVoo(^0) of Poisson algebras [6l [9]. This 
statement is accompanied by a relation [k + hy)r'^ = [k' + between the generic levels 

k and k' of g and ^0 respectively (where is the lacing number of g, and and ^fi^ are 
the dual Coxeter numbers of g and ^g respectively), which defines a "quantum" generali- 
sation of the above isomorphism of classical W-algebras [6l [9], whereby the k = —K^ and 
k' = 00 limits just correspond to the classical isomorphism mentioned herein that we shall 
be discussing in this paper. 

A strong hint that one should be considering for our purpose a two-dimensional twisted 
(0, 2) sigma-model on a fiag manifold, stems from our recent understanding of the role sheaves 
of "Chiral Differential Operators" (or CDO's) play in the description of its holomorphic chi- 
ral algebra [in|, and from the fact that global sections of CDO's on a ffag manifold furnish a 
module of an affine Lie algebra at the critical level pHl ITT] . On the other hand, since Toda 
field theories lead to free-field realisations of the W-algebras defined by the DS reduction 
scheme mentioned above (see Sect. 6 of [12], and the references therein), and since the 
Toda theory can be obtained as a gauge-invariant content of a certain gauged WZW theory 
[13] [H], it ought to be true that by relating a relevant aspect of the sigma-model on a fiag 
manifold to a gauged WZW model, one should be able to uncover a physical manifestation 
of the isomorphism of (classical) W-algebras. Indeed, we shall show that an equivalence - 
at the level of the holomorphic chiral algebra - between a bosonic string on a smooth fiag 
manifold G/B and a 5-gauged WZW model on G, where G = SL{N, C), will necessarily 
imply an isomorphism of classical W-algebras and the relation {k + h'^)r'^ = [k' + ^h^)~^ 
which underlie a geometric Langlands correspondence for G = SL{N,C). Since a string 
on a group manifold G can be expressed as a WZW model on G [15J, it would mean that 
an equivalence, at the level of the holomorphic chiral algebra, between a bosonic string on 
a smooth coset manifold G/B and a i?-gauged version of itself on G - a statement which 
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stems from the ubiquitous notion that one can always physically interpret a geometrical 
symmetry of the target space as a gauge symmetry in the worldsheet theory - will imply 
a geometric Langlands correspondence for G = SL{N,C). This furnishes an alternative 
physical interpretation of the geometric Langlands correspondence for G = SL{N, C) to 
that of an electric-magnetic duality of four- dimensional gauge theory. Likewise, the Hecke 
operators and Hecke eigensheaves will also lend themselves to different physical interpreta- 
tions - instead of line operators and branes in a two-dimensional topological sigma-model, 
they are, in our case, associated to the correlation functions of local operators that span 
the holomorphic chiral algebra of a quasi-topological sigma-model without boundaries. Our 
results therefore open up a new way of looking at the correspondence, thus providing the 
prospect of novel mathematical and physical insights for the program in general. 

A Brief Summary and Plan of the Paper 

We shall now give a brief summary and plan of the paper. 

In §2, we shall show that an equivalence - at the level of the holomorphic chiral algebra 
- between a bosonic string on G/B and a -B-gauged version of itself on G, will necessarily 
imply a geometric Langlands correspondence for G = SL{N,C), where N = 2,3. We 
begin by considering the twisted (0, 2) sigma-model on a complex flag manifold defined by 
the coset space SL{N)/B where = 2,3, and 5 is a Borel subgroup containing upper 
triangular matrices of S'L(A^)|3 We then explain how a subspace of the global sections of 
the sheaf of CDO's, describing the holomorphic chiral subalgebra of the sigma-model on 
SL{N)/B, will furnish a module of an affine SL{N) algebra at the critical level. This 
in turn will allow us to show, using the results in appendix A, that the classical centre 
of the completed universal enveloping algebra of the affine SL{N) algebra at the critical 
level - }{siN), is spanned by the Laurent modes of certain local fields of spins 2 and 3 in 
the classical holomorphic chiral algebra of the purely bosonic sector of the sigma-model on 
SL{N)/B. Next, we turn to a dual description of this classical, holomorphic chiral algebra 
in the purely bosonic sector (or bosonic string part) of the sigma-model on SL{N)/B - the 
classical, holomorphic BRST-cohomology (or chiral algebra) of a i?-gauged WZW model on 
SL{N). One can then show that an equivalence between these classical, holomorphic chiral 
algebras will necessarily imply an isomorphism 3(g) ~ VVoo(^0) of Poisson algebras and the 
level relation {k + h'^)r'^ = {k' + ^h^)^^ that underlie a geometric Langlands correspondence 
for G = SL{N), where iV = 2, 3. 

In §3, we will generalise our arguments in §2 to arbitrary N. To this end, we will first 

^Here and henceforth, in writing SL{N), we really mean SL{N, C). 
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discuss the twisted sigma-model on any complex flag manifold SL{N)/B, and the global 
sections of the sheaf of CDO's on SL{N)/B associated to the chiral algebra of the purely 
bosonic sector of the sigma-model that will furnish a module of an affine SL{N) algebra at 
the critical level. We will then proceed to discuss the construction of higher-spin analogs 
of the Segal-Sugawara tensor from the affine SL{N) algebra, and show that these fields of 
higher spins which are in the classical holomorphic chiral algebra of the purely bosonic sector 
of the sigma-model on SL{N)/B, will have Laurent modes that span the classical centre 
3(s[jv) of the completed universal enveloping algebra of the affine SL{N) algebra at critical 
level. Next, we will outline the mathematical Drinfeld-Sokolov reduction procedure in [7] of 
defining VVa;'(0), a W-algebra associated to g at level k', via a Hecke algebra. Thereafter, 
we will show that the holomorphic sector of the BRST-cohomology of the 5-gauged WZW 
model on SL{N) physically realises, in all generality, this particular Hecke algebra, i.e., the 
holomorphic BRST-cohomology of the 5-gauged WZW model on SL{N) always consist of 
local operators which generate a VVfc'(slAr) OPE algebra. Hence, its classical, holomorphic 
BRST-cohomology will always consist of local fields with Laurent modes that generate a 
classical Woo(s^Ar)-algebra. By specialising our analysis (in the classical limit) to = 2, 3, we 
will make contact with the results in §2. One can now extend the arguments in §2 for = 2, 3 
to any N; since g = sItv = ^0, an equivalence - at the level of the classical holomorphic chiral 
algebra - between the purely bosonic sector (or bosonic string part) of the sigma-model on 
SL{N)/B and the -B-gauged WZW model on SL{N), will necessarily imply an isomorphism 
3(g) ^ Woo(^g) of Poisson algebras and the level relation {k + h'^)r'^ = [k' + ^h^)~^ which 
underlie a geometric Langlands correspondence for G = SL{N). That is, an equivalence 
- at the level of the holomorphic chiral algebra - between a bosonic string on G/B and a 
S-gauged version of itself on G, will necessarily imply a geometric Langlands correspondence 
for any G = SL{N,C). 

In §4, we shall derive, via the isomorphism of classical W-algebras discussed in §3, 
a correspondence between fiat holomorphic ^G-bundles on the worldsheet S and Hecke 
eigensheaves on the moduli space Buug of holomorphic G-bundles on E, where G = SL{N). 
Lastly, we shall physically interpret the Hecke eigensheaves and Hecke operators of the 
geometric Langlands program in terms of the correlation functions of purely bosonic local 
operators in the holomorphic chiral algebra of the twisted (0, 2) sigma-model on the complex 
fiag manifold SL{N)/B. 

In appendix A, we will review the two-dimensional twisted (0, 2) sigma-model considered 
in [To], and explain its relation to the theory of CDO's. In particular, we will describe how 
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the relevant physical features of the sigma-model and its holomorphic chiral algebra, can be 
interpreted in terms of the sheaf of CDO's and its Cech-cohomology. 

Relation to the Gauge- Theoretic Approach 

Though we have not made any explicit connections to the gauge-theoretic approach 
of Kapustin and Witten yet, we hope to be able to address this important issue in a later 
publication, perhaps with the insights gained in this paper. 

A "Quantum" Geometric Langlands Correspondence 

A forthcoming paper will investigate the interpretation of a "quantum" geometric Lang- 
lands correspondence for G = SL{N) in a similar physical context, albeit with fluxes of the 
sigma-model moduli turned on, such that the level of the affine SL{N) algebra with a mod- 
ule furnished by the global sections of the sheaf CDO's on X — SL{N)/B, can be deformed 
away from the critical value, whereby a "quantum" deformation of our present setup can be 
defined. 

2. An Equivalence of Cleissical Holomorphic Chiral Algebras and the Geometric 
Langlands Correspondence for G — SL{2) and SL{3) 

In this section, we shall study explicit examples of the twisted sigma-model on the 
complex flag manifolds SL(2)/B and SL{3)/B, and the corresponding sheaves of CDO's 
that describe its holomorphic chiral algebra. Wc shall also study the holomorphic BRST- 
cohomology of a 5-gauged WZW model on SL{2) and SL{3). We will then show that 
an equivalence - at the level of the holomorphic chiral algebra - between a bosonic string 
on SL[N)/B and a 5-gauged version of itself on SL{N), where N = 2,3, will imply an 
isomorphism of classical W-algebras and the relation {k-\-h^)r^ = {k' + h^)~^ which underlie 
a geometric Langlands correspondence for G — SL{2) and SL{3) respectively. 

2.1. The Twisted Sigma-Model on SL{2)/B and its Classical Holomorphic Chiral Algebra 

Let us take X = SL{2)/B. In other words, since SL{2)/B = CP^, we will be exploring and 
analysing the chiral algebra A of operators in the twisted (0, 2) model on CP^. To this end, 
we will work locally on the worldsheet S, choosing a local complex parameter z. 

Now, CP"^ can be regarded as the complex 7-plane plus a point at infinity. Thus, we 
can cover it by two open sets, Ui and U2, where Ui is the complex 7-plane, and U2 is the 
complex 7-plane, where 7 = 1/7. 
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Since Ui is isomorphic to C, the sheaf of CDO's in Ui can be described by a single free 
system with action 

/ = ^ 1 \d'z\ (3d,-f. (2.1) 

Here (3 and 7, are fields of dimension (1, 0) and (0, 0) respectively. They obey the 

usual free-field OPE's; there are no singularities in the operator products ■ P{z') and 
7(z) ■ 'y{z'), while 

(3{zh{z') (2.2) 

z — z' 

Similarly, the sheaf of CDO's in U2 is described by a single free system with action 

/ = ^ 1 \d'z\ /3a,7, (2.3) 

where the fields (3, and 7 obey the same OPE's as (3 and 7. In other words, the non-trivial 
OPE's are given by 

mii^') (2.4) 

z — z 

In order to describe a globally-defined sheaf of CDO's, one will need to glue the free 
conformal field theories with actions ( 12. ip and ( 12. 3p in the overlap region [/i fl t/2- To do so, 
one must use the admissible automorphisms of the free conformal field theories defined in 
(IA.29l) - flA.30l) to glue the free-fields together. In the case of X = CP^, the automorphisms 
will be given by 

7 = -, (2.5) 

7 

/3 = -7'/? + 29,7. (2.6) 

As there is no obstruction to this gluing in the twisted sigma-model on any flag manifold 
SL{N)/B [llj, a sheaf of CDO's can be globally-defined on the CP^ target-space. 

Global Sections of the Sheaf of CDO's on X = SL{2)/ B 

Recall that for a general manifold X of complex dimension n, the chiral algebra A will 
be given by ^ = if^^(X, O^) &s a vector space. Since CP^ has complex dimension 

1, we will have, for X = CP\ the relation A = 0^^lj ^pi)- Thus, in order to 

understand the chiral algebra of the twisted sigma-model, one needs only to study the global 
sections of the sheaf Opi, and its first Cech cohomology if^(CP^, Opi). However, for our 
purpose, it would suffice to study just the purely bosonic sector of ^ - from our Q^-Cech 
cohomology dictionary, this translates to studying the global sections iJ°(CP^, O^'l) only. 
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At dimension 0, the space of global sections _f/'°(CP^, Cpi.o) must be spanned by func- 
tions of arbitrary degree in 7. Since all regular, holomorphic functions on a compact Riemann 
surface such as CP^ must be constants, we find that the space of global sections at dimension 
0, given by i7°(CP^, Cpi.p), is one-dimensional and generated by 1. 

Let us now ascertain the space if°(CP^, Opi.-^) of global sections of dimension 1. In 
order to get a global section of Cpi of dimension 1, we can act on a global section of Opi of 
dimension with the partial derivative dz- Since S^l = 0, this prescription will not apply 
here. 

One could also consider operators of the form f{'y)dz'y, where /(7) is a holomorphic 
function of 7. However, there are no such global sections either - such an operator, by virtue 
of the way it transforms purely geometrically under (12.51) . would correspond to a section of 
f2^(CP^), the sheaf of holomorphic differential forms f{^)d'y on CP^, and from the classical 
result if''(CP^, r2^(CP^)) = 0, which continues to hold in the quantum theory, we see that 
f{l)dzl cannot be a dimension 1 global section of O^. 

Other possibilities include operators which are linear in (3. In fact, from the automor- 
phism relation of (12. 6p . we find an immediate example as the LHS, /5, is by definition regular 
in U21 while the RHS, being polynomial in 7, (9^7 and /3, is manifestly regular in Ui. Their 
being equal means that they represent a dimension 1 global section of Opi that we will call 
J+: 

J+ = -7^/5 + 29,7 = /3. (2.7) 

The construction is completely symmetric between Ui and f/2, with 7 ^ 7, /3 /3, so a 
reciprocal formula gives another dimension 1 global section J_: 

J_ = /? = -f/3 + 2a,7. (2.8) 

Hence, J+ and J_ give us two dimension 1 global sections of the sheaf Cpi. Since these are 
global sections of a sheaf of chiral vertex operators, we can construct more of them from 
their OPE's. There are no singularities in the J+ ■ J_|_ or J_ ■ J_ operator products, but 

where J3 is another global section of dimension 1 given by 

h = -7/3. (2.10) 
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(Note that normal-ordering is again understood for all operators above and below). 

Notice that since {J+, J_, J3} are '?/'*-independent, they are purely bosonic operators 
that belong in H'^{CF\0^'l.^). One can verify that they satisfy the following closed OPE 
algebra: 

Mz)Mz') ~ (2.11) 
z — z' 

Mz)J4z') ~ (2.12) 
Mz)Mz') ~ (2.13) 



iz - z'^"^'' 



2J. 



Mz)J^{z') ~ --^ - 7——^. (2.14) 



z — z' [z — z'^"^ 



From the above OPE algebra, we learn that the J's furnish a module of an affine algebra of 
SL{2) at level —2, which here, as noted in [TT], appears in the Wakimoto free-field represen- 
tation. Indeed, these chiral vertex operators are holomorphic in z, which means that one can 
expand them in a Laurent series that allows an affinisation of the SL{2) algebra generated 
by their resulting zero modes. Thus, the space of global sections of O^'l furnishes a module 
of an affine algebra of SL{2) at level — 2o case The space of these operators obeys all the 
physical axioms of a chiral algebra except for reparameterisation invariance on the z-plane 
or worldsheet S. We will substantiate this last statement momentarily by showing that the 
holomorphic stress tensor fails to exist in the (5^_-cohomology at the quantum level. As we 
shall see shortly, this observation will be crucial to our results in this section. 

The Segal-Sugawara Tensor and the Classical Holomorphic Chiral Algebra 

Recall from section 2.6 and our Q^-Cech cohomology dictionary, that there will be a 
'j/'^-independent stress tensor operator T{z) in the quantum (5_,_-cohomology of the underlying 
twisted sigma-model on CP^, if and only if the corresponding T{z) operator of the free {3^ 
system belongs in iJ°(CP\ Opi) - the space of global sections of O^. Let's look at this more 
closely. 

Now, note that for X = CP^, we have 

f{z) = - : /59,7 : (z). (2.15) 



^Note that one can consistently introduce appropriate fluxes to deform the level away from —2 - recall 
from our discussion in Appendix A that the Eij — diBj term in (jA.30p is related to the fluxes that correspond 
to the moduli of the chiral algebra, and since this term will determine the level k of the affine SL{2) algebra 
via the term —kdzj of (3, (which is set to fc = —2 in the current undeformed case), turning on the relevant 
fluxes will deform k away from —2. Henceforth, whenever we consider k ^ —2, we really mean turning on 
fluxes in this manner. 
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where the above operators are defined and regular in Ui. Similarly, we also have 

f{z) = - : /39,7 : (z). (2.16) 

where the above operators are defined and regular in 1/2- By substituting the automorphism 
relations fl2.5p - fl2.6l) into (12.161) . a small computation shows that in f/i fl f/2; we have 

f{z)-f{z)=d,{^). (2.17) 

7 

where an operator that is a global section of O^i must agree in f/i fl f/2- 

The only way to consistently modify T and T so as to agree on Ui fl f/2, is to shift 
them by a multiple of the term (9^7)/7 and (i9z7)^/7^. However, any linear sum of these 
two terms has a pole at both 7 = and 7 = 0. Thus, it cannot be used to redefine T or T 
(which has to be regular in Ui or U2 respectively). Therefore, we conclude that T(z) does 
not belong in i7°(CP\ O^'l). This means that T{z) does not exist in the Q^-cohomology of 
the underlying twisted sigma-model on CP^ at the quantum level. 

This last statement is in perfect agreement with the physical picture presented in section 
2.3, which states that since ci (CP^) ^ 0, there are now one-loop corrections to the action 
of Q_^, such that the T{z) is no longer annihilated by Q^. This just corresponds to the 
mathematical fact that the sheaf O'j^ of CDO on X has a structure of a conformal vertex 
algebra if and only if the conformal anomaly measured by ci{X) vanishes. Note also that 
(12.171) is a counterpart in Cech cohomology to the sigma-model relation 

[Q+,TJ =9,(i?,j9,0V^^). (2.18) 

Since 0* corresponds to 7*, we see from (I2.18P that the sigma-model operator Rfjip^ must 
correspond to I/7. Hence, we have an interpretation of the one-loop beta function (which 
is proportional to Rif) in terms of holomorphic data. This has been emphasised in [TU] as a 
novel way to view the one- loop beta function from a purely mathematical viewpoint. 

The absence of T{z) in the quantum holomorphic chiral algebra of the twisted sigma- 
model on CP^, can also be observed from a different but crucial viewpoint. To this end, 
note that for any affine algebra at level k 7^ —K^-, where is the dual Coxeter number of 
the Lie algebra 0, one can construct the corresponding stress tensor out of the currents of 
via a Segal-Sugawara construction |16]. In the present case of an affine SL{2) algebra, the 
stress tensor can be constructed as 

. ^^£_±|)(£^. 
10 



where because g = sl2, = 2. As required, for every k ^ —2, the modes of the Laurent 
expansion of T{z) will span a Virasoro algebra. In particular, T{z) will generate holomorphic 
reparametrisations of the coordinates on the worldsheet S. Notice that this definition of T{z) 
in (12.191) is ill-defined when k = —2. Nevertheless, one can always associate T{z) with an 
operator S{z) that is well-defined at any finite level, such that 

S{z) = {k + 2)T{z) (2.20) 

is known as the Segal-Sugawara tensor. It is given by 

S{z) = :{J^J^ + Jl){z):. (2.21) 

From (12.201) . we see that S{z) generates, in its OPE's with other field operators, {k + 2) 
times the transformations usually generated by the stress tensor T{z). Therefore, at the level 
k = —2, S{z) generates no transformations at all - its OPE's with all other field operators 
are trivial. This is equivalent to saying that the holomorphic stress tensor does not exist 
at all, since S{z), which is the only well-defined operator at this level that could possibly 
generate the transformation of fields under an arbitrary holomorphic reparametrisation of 
the worldsheet coordinates on S, acts by zero. 

Note that T{z) will fail to exist in the chiral algebra and therefore S{z) will act by zero, 
only at the quantum level, i.e., T{z) and S{z) still exist as local fields of spin two in the Q_^- 
cohomology of the sigma-model at the classical level. To substantiate this statement, first 
recall from section 2.3 that [Q_^,T{z)] = classically in the absence of quantum corrections 
to the action of Q_^_. Next, note that the integer 2 in the factor {k + 2) of the expression 
S{z) in (12.201) . is due to a shift by /i^ = 2 in the level k because of quantum renormalisation 
effects [T7], i.e., the classical expression of S{z) for a general level k can actually be written 
as 

S{z) = kT{z), (2.22) 

and therefore, one will also have [Q^, S{z)] = in the classical theory. Moreover, since in 
our case, we actually have S{z) = —2T{z) in the classical theory, it will also be true that 
under quantum corrections of the action of Q_^_, we will have 

[g+, = -29,(%9,0V^^). (2.23) 
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This corresponds, in the Cech cohomology picture, to the expression 

l(^)-5(z) = -29,(^), (2.24) 

7 

which means that S{z), the Cech cohomology counterpart to the S{z) operator, fails to 
be in if°(CP"^, 0pi). This is again consistent with the fact that S{z) does not belong in 
the quantum chiral algebra of the sigma-model, but rather, S{z) belongs in its classical 
chiral algebra. In other words, one can always represent S{z) by a classical c-number. This 
point will be important when we discuss how one can define Hecke eigensheaves that will 
correspond to fiat ^G-bundles on a Riemann surface S in our physical interpretation of the 
geometric Langlands correspondence for G = SL{2). 

The fact that S{z) fails to correspond to any element in H^{C¥^,Op'l) means that it 
will act trivially in any OPE with other field operators. This in turn implies that its Laurent 
modes will commute with the Laurent modes of any other existing operator; in particular, 
the Laurent modes of S{z) will commute with the Laurent modes of the currents J+{z), 
J-{z) and ^3(2;) - in other words, the Laurent modes of S{z) will generate the centre 3(312) 
of the completed universal enveloping algebra of the affine SL{2) algebra sl2 at the critical 
level k = —2 (spanned by the Laurent modes of ^(2;), J-{z) and ^3(2;) in the quantum chiral 
algebra of the twisted sigma-model on S L{2) / B)u Last but not least, notice that S{z) is also 
-independent and must therefore be purely bosonic in nature. In other words, S{z) exist 
only in the classical holomorphic chiral algebra of the purely bosonic (or -independent) 
sector of the twisted sigma-model. 

Note that since S{z) is a classical field, i{sl2), which is generated by its Laurent modes, 
must also be classical in nature. This statement can be further substantiated as follows. 
Firstly, note that since S{z) is holomorphic in z and is of conformal weight two, one can 
expand it in terms of a Laurent expansion as 

Siz) = J2SnZ-''-'. (2.25) 

Let us begin with the general case oi k ^ —h^ for any affine algebra g, whereby a quantum 
definition of S{z) exists, so that the S'„ modes of its Laurent expansion can be related to the 

■^Recall that S{z) is constructed out of the currents of the afhne SL{2) algebra by using the invariant 
tensors of the corresponding Lie algebra usually employed to define higher-order Casimir invariants. Con- 
sequently, its Laurent modes will span not the centre of the affine algebra, but rather the centre of the 
completed universal enveloping algebra of the affine algebra. 
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modes of the currents of through the quantum commutator relations 



[Sn^rj = -{k + K')mr^^^, (2.26) 
[Sn, Sm] = {k + K^) (^n - m)Sn+m + ^ dim g {n^ - n) Sn-rr^ , (2.27) 

where a = 1,2,..., dimg. If we now let k = —K^ and g = s[2, we will have [Sn-, = 
[Sn-, Sm\ = 0. Hence, one can define simultaneous eigenstates of the Sn and mode opera- 
tors. In particular, one would be able to properly define a general state \E' = S-iS-q . . . S-plO, a), 
where |0, a) is a vacuum state associated to a representation of s[2 labelled by a, such that 
Jg|0,Q;) = q;"|0,q;). However, note that any \I' will correspond to a null-state, i.e., \l/ decou- 
ples from the real, physical Hilbert space of quantum states spanned by the representations 
of [18J. This means that the S^'s which generate 3(512) cannot exist as quantum mode 
operators. Hence, 3(512) must be a classical algebra. 

A Classical Virasoro Algebra 

Since we now understand that S{z) must be a holomorphic classical field at /c = —2, 
let us rewrite, for interpretive clarity, the Laurent expansion of S{z) as 

S{z) = Y,SnZ~''-\ (2.28) 

nGZ 

SO as to differentiate the classical modes of expansion Sn from their quantum counterpart 
Sn in f l2.25p . Unlike the S^'s which obey the quantum commutator relations in fl2.27p for an 
arbitrary level k 7^ —2, the S'„'s, being the modes of a Laurent expansion of a classical field, 
will instead obey Poisson bracket relations that define a certain classical algebra at k = —2. 

Based on our arguments thus far, we see that the quantum version of S{z) as expressed 
in f l2.25p . must reduce to its classical counterpart as expressed in fl2.28p . when k —2. In 
other words, one can see that by taking {k + 2) 0, we are going to the classical limit 
of this operator. This is analogous to taking the limit /i — ^ in any quantum mechanical 
theory so as to obtain its classical counterpart. In fact, by identifying {k + K^) or in this case 
{k + 2) with ih-, and by noting that one must make the replacement from Possion brackets 
to commutators via {Sn-, Sm}p.B. ikt'^"' ^"^'\ quantising the SnS into operators, we can 
ascertain the classical algebra generated by the SnS from (I2.27P as 

6 

{Sn, Sm}p.B. = (n- m)Sn+m ~ ^2 ~ ^n-m- (2.29) 
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Since we have the classical relation S{z) ~ T{z), it means that we can interpret the Sn 
modes as the Virasoro modes of the Laurent expansion of the classical stress tensor field 
T{z). In other words, the S'„'s span a classical Virasoro algebra with central charge —6 as 
given by (12.291) . This is sometimes denoted as the Virasoro Poisson algebra Sym'{vir_Q) in 
the mathematical literature [6]. Hence, we have the identification 3(s[2) — Sym'{vir_Q) 

2.2. A Gauged WZW Model and the Geometric Langlands Gorrespondence for G = SL{2) 

Let us now seek a dual description of the above classical, holomorphic chiral algebra of 
the twisted sigma-model on SL{2)/ B spanned by S{z). To this end, let us first generahse the 
action of the twisted sigma-model by making the replacement gfj gfj + hfj in V of Stwist 
in ( 1A.9I) . where hfj is a (1, l)-form on the target space X associated to a B-field. This just 
adds to Stwist a cohomologically-trivial Q^-exact term {Q^, —hfjip\dz(l)^}, and does nothing 
to change our above discussions about the classical chiral algebra of the sigma-model. This 
generalised action can be explicitly written as 

S^en = ^ \d\\ {gQ + %) (9,0^^5,-0*) + gq^P\D,iP + \^^\d,^~' + ha-^ldj^\ (2.30) 

Now recall that S{z) exists in the classical holomorphic chiral algebra of the ip^- 
independent, purely bosonic sector of the twisted sigma-model on SL{2)/B. This means 
that in order for one to ascertain the dual description of S{z), it suffices to confine oneself 
to the study of the holomorphic chiral algebra of the ^/'■'-independent sector of the twisted 
sigma-model on SL{2)/ B. The purely bosonic, ■^-'-independent specialisation of ^equiv, which 
describes this particular sector of interest, can be written as 

^bosonic = ^ \d^z\ {g,j + bf,)d,(j)'d,(f)l (2.31) 

Notice that ^bosonic just describes a free bosonic string which propagates in an SL{2)/B 
target-space. Hence, one can actually describe the holomorphic chiral algebra associated to 
the '^•'-independent sector of the twisted sigma-model on SL{2) /B in terms of the holomorphic 
BRST-cohomology (or chiral algebra) of a 5-gauged WZW model on 5L(2)0 In other words, 

^Note that a non- linear sigma-model on any homogenous coset space such as G/H, will be described by an 
asymmetrically iJ-gauged WZW model on G associated with the action g gh~^, where g & G and h ^ H. 
However, note that the BRST-cohomology of an asymmetrically i/-gauged WZW model on G coincides 
exactly with the holomorphic (i.e., purely left- moving) sector of the BRST-cohomology of a symmetrically 
i?- gauged WZW model on G that is genuinely gauge-invariant, and that which wc are thus considering in 
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S{z) should correspond to an observable in the classical holomorphic BRST-cohomology of 
the 5-gauged WZW model on SL{2). 

Note that what would be relevant to all our later discussions is the classical, holomorphic 
chiral algebra of the ^/'-'-independent, non-supersymmetric sector of the twisted sigma- model 
on X = SL{N)/B, for any N > 3. Note also that the above arguments would apply for all 
X = SL{N)/B. As such, let us now proceed to describe the S-gauged WZW model on any 
SL{N) in greater detailo 

The B-Gauged WZW Model on SL{N) 

First, note that the action of a general WZW model can be written as 

Swzig) = ^ f d'z TT{d,g-%g) + ^ [ d'x Ti^g-'dgf, (2.32) 

where k' is the level, and g is a. worldsheet scalar field valued in any simple, maximally 
non-compact, connected Lie group G (such as SL{N, C) which we are considering in this 
paper), that is also periodic along one of the worldsheet directions with period 271. The trace 
Tr is the usual matrix trace in the defining representation of G. 
A gauged version of (12.321) can be written as 

k' f 

^gauged(^, A,, A,) = Swzig) + ^ / TT[A,{d,gg-^ + M) - A,{g-^d,g + M) 

\A,gA.,g-^ - A,A-A. (2.33) 

this paper. In other words, at the level of the holomorphic chiral algebra, a physically equivalent description 
of the V'-' -independent, non-supersymmetric sector of the twisted sigma-model on SL[2)/ will be given by 
a B-gauged WZW model on SL{2) that is gauge-invariant on the worldsheet. This argument applies for any 
G = SL{N) and = B as weU. 

^It may be disconcerting to some readers that the Borel subgroup of SL{N, C) which we are gauging the 
SL{N^ C) WZW model by, is non-compact in general. Apart from citing several well-known examples in the 
physical literature [131 [HI HH UHl HI] that have done likewise to consider non-compact WZW models gauged 
to non-compact (sometimes Borel) subgroups, one can also argue that our model is actually equivalent - 
within our context - to a physically consistent model which gauges a compact subgroup instead. Firstly, 
note that for a complex flag manifold SL{N, C), we have the relation SL{N, C)/B = SU{N)/C{T), where 
C(T) is the centralizer of the torus of SU{N) spanned by purely diagonal matrices in SU{N) - in other 
words, C(T) is an anomaly-free, compact diagonal subgroup in the context of a C(T)-gauged WZW model 
on SU (N). Secondly, note that the OPE algebras of the afhne algebras sun and sljv are the same. Together 
with the previous footnote, these two points imply that the i?-gauged WZW model on SL{N, C) and the 
C(r)-gauged WZW model on SU{N) (which can be physically consistently defined, and whose gauge group 
is also compact), are equivalent at the level of their holomorphic BRST-cohomologies. However, since one 
of our main aims is to relate the gauged WZW model to the algebraic DS-reduction scheme in §3, we want 
to consider the B-gauged WZW model on SL{N,C). Last but not least, note that we will ultimately be 
interested in the classical spectrum of the gauged WZW model only, whereby the compactness or non- 
compactness of the gauge group will be irrelevant. 
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where the worldsheet one-form gauge field A = A^dz + A^dz is valued in f), the Lie algebra 
of a subgroup H of G. Notice that 5'gauged(fl', A^, A^) differs slightly from the standard form 
of a gauged WZW model commonly found in the physical literature - additional M and M 
constant matrices have been incorporated in the d^gg^^ and g^^dzg terms of the standard 
action, so that one can later use them to derive the correct form of the holomorphic stress 
tensor without reference to a coset formalism. Setting M and M to the zero matrices 
simply takes us back to the standard action for the gauged WZW model. As required, 
S'gaugedlfi', ^f) is invariant under the standard (chiral) local gauge transformations 

g^hgh-^- A, d,h ■ + hA^h'^ ■ A-, ^ d-,h ■ h'^ + hA,h~\ (2.34) 

where h = e^*^^'^-* G H for any X{z,z) G [)E The invariance of fl2.33p under the gauge 
transformations in (12.341) can be verified as follows. Firstly, note that the M(M)-independent 
terms make up the usual Lagrangian for the standard gauged WZW action, which is certainly 
invariant under the gauge transformations of (I2.34p . Next, note that under an infinitesimal 
gauge transformation /i ^ 1 + A, the terms Tt[Az M) and Tt{Az M) change as 

6Tt{Az M) = TiidzX M) - Tr(M [A, A,]), (2.35) 
51i{A-z M) = TiidzX M) - Tr(M [A, A^]). (2.36) 

Since we will be considering the case where H is the Borel subgroup of G and therefore, A 
and A will be valued in the Lie algebra of a maximally solvable (Borel) subgroup of G, the 
second term on the R.H.S. of (12.351) and (I2.36P will be zero [21]. What remains are total 
divergence terms that will vanish upon integration on S because it is a worldsheet with no 
boundaries. Therefore, unless if is a Borel subgroup of G (or any other solvable subgroup 
of G), one cannot incorporate M and M in the action and still maintain the requisite gauge 
invariance. This explains why generalisations of gauged WZW models with these constant 
matrices M and M have not appeared much in the physical literature. Nevertheless, this 
generalisation can be considered in our case. As we shall see shortly, this generalisation will 
allow us to obtain the correct form of the holomorphic stress tensor of the 5-gauged WZW 
model on SL{N) without any explicit reference to a coset formalism. 

similar model has been considered in |21| . However, the action in that context is instead invariant 
under a non- chiral local gauge transformation. Moreover, it does not contain the AzAg term present in a 
standard gauged WZW model. 
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The classical equations of motion that follow from the field variations in fl2.34p are 



5A, : D,gg"% = -M+, (2.37) 

SA, : g"'D,g\H = -M-, (2.38) 

6g : D,{g-'D,g) = (2.39) 

6g : D,{D,gg-') = (2.40) 

where Fzz = dzAg — dgAz + [Az, Ag] and F^z = dgAz — dzA^ + [A^, Az] are the non- vanishing 
components of the field strength, and the covariant derivatives are given by Dz = dz + [Az, ] 
and Dz = dz + [Az, ]. By imposing the condition of f l2.38p in f l2.39p . and by imposing the 
condition of ( ]2.37p in ( ]2.40p . since M± are constant matrices, we find that we have the zero 
curvature condition Fzz = F^z = as expected of a non-dynamically gauged WZW model. 
This means that Az and Az are trivial on-shell. One is then free to use the gauge invariance 
to set Az and/or Az to a constant such as zero. In setting = = in (12.390 and fl2.40p . 
noting that Fzz = Fzz = 0, we have the relations 

dz{g''dzg) = and dz{dzgg~') = 0. (2.41) 

In other words, we have a g-valued, holomorphic conserved current J{z) = g^^dzg, and a 
0- valued antiholomorphic conserved current J{z) = dggg^^, both of which are dimension one 
and generate affine symmetries on S. The action in (12.330 can thus be written as 

Wdl^, Az, Az) = SMg) + ^ f Tt[Az{J{z) + M) - A,{J{z) + M) 

+AzgA-zg'^ - AzAz], (2.42) 

For our case where H is a, Borel subgroup B oi G, one can further simplify (I2.42p as 
follows. Firstly, since G is a connected simple group, it will have a simple Lie algebra g. As 
such, g will have a Cartan decomposition q = n_ © c©n+, where c is the Cartan subalgebra, 
and ri-t are the nilpotent subalgebras of the the upper and lower triangular matrices of 
G. The Borel subalgebras will then be given by b± = c © U-t, and they correspond to 
the Borel subgroups B±. For the complex flag manifolds that we will be considering in 
this paper, 5+ will be the Borel subgroup of interest. B will henceforth mean 5+ in all 
of our proceeding discussions. With respect to this decomposition of the Lie algebra of 
G, we can write J{z) = EIT' J'^i^K + Ea=i Jci^K + EIT Jli^)tt , and J{z) = 
ElT J-i-^)ta + ElT Jc{-^)tl + EtT Jli-^)tt, where t" G n_, G c, and ^ G n+. One 
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can also write M = EtT Mlf- + EtT^c^a + EtT M^tt, and M = EtT" M^f- + 
^dunc ji^a^c _|_ E)]™"^ ^+^a ) wheie M^.^(M^.^) are arbitrary number constants. Next, note 
that H = B, and B ~ A^+, where = [B,B] is the subgroup of G generated by its 
Lie algebra n+ of strictly upper triangular matrices which are traceless, i.e., for t,t' G n+, 
we have Tri(tt') — Tr/j(t't) = 0, where the trace Tr^ and Tipt are taken over some L and 
R representation of G respectively. In other words, is the non-anomalous subgroup 
to be gauged, and we can write = Ea™"^ ^z^a ' = Ea=i"^ ^f^a • Next, note 

that since Tr(t°t^) = ^a.t^"'^, the trace of the second term on the R.H.S. of (12.421) will be 
non- vanishing only for components of J(z)(J(z)) and M(M) that are associated to their 
expansion in n+. Let us denote J^[^z) = Ea™"^ ■J+i^)'tt ^-^d = Ea=T^ ^+^a • Let us 
also denote J~^{z) = Ea™"^ •^+(^)^a — Yl^a=i* -^V^t- Then, one can write the 

action of a i?-gauged WZW model on G = SL{N) as 

SB-„d{9, A,, A,, J+, J+) = SMg) [ Tt[A,{J+{z) + M+) - A,{J+{z) + M+) 

-A,gA,g~' + A,A,]. (2.43) 

The B -Gauged WZW Model on SL{2) 

Now that we have derived the action S'B-gauged(5', Az, A^, J'^, J^) of a 5-gauged WZW 
model on any SL{N), we will proceed to specialise to the case where G = SL{2). In this case, 
dim n_ = dim c = dim n+ = 1, and so J+{z) = Jliz)tf, J+{z) = Jliz)tf , M+ = M|t+, 
M+ = Mjt+, Az = Al{z)tf and A^ = Altf. The gauged WZW action is then given by 

SsLi2){9, Az, A,, J+, J+) = SMg) -^1/'' + Ml) - AliJliz) + Ml) 

-AlgAlg-' + AlAl. (2.44) 

Due to the -B-gauge invariance of the theory, we must divide the measure in any path 
integral computation by the volume of the -B-gauge symmetry. That is, the partition function 
has to take the form 

= / [9-'d9,dAldAV\ ^^SsLi2)i9, A, A„ J\ J+)) . (2.45) 
(gauge volume) 

One must now fix this gauge invariance to eliminate the non-unique degrees of freedom. One 
can do this by employing the BRST formalism which requires the introduction of Faddev- 
Popov ghost fields. 
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In order to obtain the holomorphic BRST transformations of the fields, one simply 
replaces the position-dependent infinitesimal gauge parameter e oi h = B = exp(— et^^) in 
the corresponding left-sector of the gauge transformations in fl2.34p with the ghost field c, 
which then gives us 

^■BKST{g) = -ctfg, 5brst(^D = -dzC, (5brst (others) = 0. (2.46) 

The ghost field c and its anti-ghost partner b will transform as 

^brst(c) = 0, (5brst(&) = B, 5brst(5) = 0. (2.47) 

In the above, B is the Nakanishi-Lautrup auxiliary field that is the holomorphic BRST 
transform of b. It also serves as a Lagrange multiplier to impose the gauge-fixing condition. 

In order to obtain the antiholomorphic BRST transformations of the fields, one employs 
the same recipe to the corresponding right- sector of the gauge transformations in fl2.34p with 
the infinitesimal position-dependent gauge parameter now replaced by the ghost field c, 
which then gives us 

feRST(5') = ctig, 5brst(^2) = -d^c, (5brst (others) = 0. (2.48) 

The ghost field c and its anti-ghost partner b will transform as 

Wst(c)=0, 5brst(&)=^, 5brst(5)=0. (2.49) 

In the above, B is the Nakanishi-Lautrup auxiliary field that is the antiholomorphic BRST 
transform of b. It also serves as a Lagrange multiplier to impose the gauge-fixing condition. 

Since the BRST transformations in (12.461) and fl2.48p are just infinitesimal versions of 
the gauge transformations in fl2.34l) . SsL{2){g, ^z, ^z, J^, J^) will be invariant under them. 
An important point to note at this juncture is that in addition to (5brst + (^brst) ■ (^brst + 
(^brst) = 0, the holomorphic and antiholomorphic BRST- variations are also separately nilpo- 
tent, i.e., ^l^gT = and (5|rst = 0. Moreover, 5brst ■ (^brst = -(^brst ■ ^brst- In fact, 
one can easily inspect this from the field variations themselves. This means that the BRST- 
cohomology of the -B-gauged WZW model on SL{2) can be decomposed into independent 
holomorphic and antiholomorphic sectors that are just complex conjugate of each other, and 
that it can be computed via a spectral sequence, whereby the first two complexes will be 
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furnished by its holomorphic and antiholomorphic BRST-cohomologies respectively. Since 
we will only be interested in the holomorphic chiral algebra of the 5-gauged WZW model 
on SL{2) (which as mentioned, is just identical to its antiholomorphic chiral algebra by a 
complex conjugation), we shall henceforth focus on the holomorphic BRST-cohomology of 
the S-gauged WZW model on SL{2) (as well as for all other cases of SL{N) in this paper, 
since this observation of a polarisation of the BRST-cohomology will be true of any 5-gauged 
WZW model on SL{N) as we will see.) 

By the usual recipe of the BRST formalism, one can fix the gauge by adding to the 
BRST-invariant action SsL(2){gj ^z, ■, J^)i a BRST-exact term. Since the BRST trans- 

formation by (^BRST + (^brst) is nilpotent, the new total action will still be BRST-invariant 
as required. The choice of the BRST-exact operator will then define the gauge-fixing con- 
dition. A consistent choice of the BRST-exact operator will give us the requisite action for 
the ghost and anti-ghost fields - note that with 

SsL{2){g, A,, A,, J+, J+) + ((5brst + ^brst) j d?z A\h + , 

one will indeed have the desired total action, which can be written as 

^wzw(^7) + ^ [ d'^z cd,b + cdj) [ d^z i^-(4(^) + - fi) - il( J^(^) + + 5) 

-A\gA\g'^ + A\A\. 

(2.50) 

From the equation of motion by varying 5, we have the condition = 0. From the 
equation of motion by varying S, we have the condition A}^ = 0. Together with the equation 
of motion by varying Al and Al, we have, by integrating out Al and Al in fl2.50p . the 
relations J^. + = B and J| + M_| = —B. Thus, the partition function of the S-gauged 
WZW model can also be expressed as 

ZsL(2) = j [g~^dg, db, dc] exp (^iSwzw{g) '^^^ j + ^^^^^ ' i'^-^^) 

whereby the holomorphic BRST variations of the fields that leave the effective action in 
ZsL{2) above invariant are now given by 

5brst((7) = -cttg, 5brst(c) = 0, (5brst(&) = (J+ + Ml) , (5brst (others) = 0. (2.52) 
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The holomorphic BRST charge which generates the above transformations is therefore given 

by 

Qbrst = / ^ + MX)c{z). (2.53) 

The OPE's of the B-Gauged WZW Model on SL{2) 

Note that consistent with the presence of the dimension one operators J±{z) and ^3(2;) 
in the holomorphic chiral algebra of the purely bosonic, -independent sector of the sigma- 
model on SL(2)/B, which, generate an affine SL{2) OPE algebra, one also has, in the 
holomorphic BRST-cohomology of the -B-gauged WZW model on SL{2), the dimension one 
currents J]-{z) and J^{z) which generate the following affine SL{2) OPE algebra: 

Jl{z)Jiiz') ^M^, (2.54) 

J'ci^m^') - (2.55) 
[z — z'Y 

JlXM-^^—^. (2^56) 

From standard field-theoretic considerations of the ghost/anti-ghost kinetic term in the ef- 
fective action of the gauged WZW model in fl2.5ip . one will also have the following OPE 
(after absorbing k' by a trivially re-scaling of the fields) 

h{z)c{z') (2.57) 

z ~ z 

However, the OPE's of the h{z) and c{z) fields with any current in fl2.54p - fl2.56p are trivial. 
Finally, one can also verify the nilpotency of Qbrst by using the OPE's in fl2.54p - fl2.56p . 
fl2.57p . and its explicit expression in fl2.53p - the OPE of the BRST current {J\{z) + M\_)c{z) 
with itself is regular. Moreover, one can quickly check using fl2.57p that Qbrst in fl2.53p will 
indeed generate the correct field variations in fl2.52p . 

The Holomorphic Stress Tensor 

Though we did not make this obvious in our discussion above, B must actually vanish 
- by integrating out A\ in fl2.50p and using the condition = 0, we find that we actually 
have the relation {J\{z) + M\) = 0. This relation (involving the current associated to the 
Borel subalgebra b of the group B that we are modding out by) will lead us directly to the 
correct form of the holomorphic stress tensor for the gauged WZW model without reference 
to a coset formalism. Let us look at this more closely. 
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Since we have an affine SL{2) algebra from the OPE's (12. 541) - (12. 561) . we can employ the 
Sugawara formalism to construct the stress tensor associated with the S'wzw(fl') part of the 
total action, from the currents in (I2.54p - (I2.56I) . Taking into account the part of the total 
action associated to the ghost and anti-ghost fields c{z) and b{z), the stress tensor should 
be given by 

^gauged (^) = TsL(2)iz) + d^b{z)c{z), (2.58) 

where 

- ^^1^. (2.59) 

and d"-'^ is the inverse of the Cartan-Killing metric of sl2- Note that with respect to Tgaugedl-^^), 
the currents J]-{z) and J^iz) have conformal dimension one. This is inconsistent with the 
condition Jl{z) = -Ml, as M| is a constant of conformal dimension zero. This means that 
one must modify Tgauge(-2) so that Jl{z) will have conformal dimension zero. An allowable 
modification involves adding to Tgauge(-2) a term that has conformal dimension two. A little 
thought will reveal that the total stress tensor must then take the form 

Ttotai(^) = TsLi2){z) + d,b{z)c{z) + djl{z). (2.60) 

A small computation shows that the BRST current {J\{z) + M]^)c{z) has conformal dimen- 
sion one under TtotaK^;), which then means that its Qbrst charge is a conformal dimension 
zero scalar as required. This in turn means that c{z) and h{z) must be of conformal di- 
mension one and zero respectively, i.e., the field h{z) and c{z) is a scalar and (holomorphic) 
one-form on S. Therefore, one should really rewrite c{z) as Cz{z) in (I2.5ip . (12.531) . (12.581) 
and (12.601) . In doing so, we find that these equations are now fully consistent with regards 
to conformal dimensions. 

Note also that because the BRST current is of conformal dimension one with respect 
to the holomorphic stress tensor Ttotai(^), it must be annihilated by Qbrst; this means that 
^totai(-2) is QeRST-closed. One can also verify that Ttotai(^) cannot be QsRST-exact, i.e., 
T^ota\{z) lies in the holomorphic BRST-cohomology of the S-gauged WZW model on SL{2). 
Last but not least, a soon-to-be relevant point to note is that since quantum corrections 
can only annihilate classes in the BRST-cohomology and not create them, the classical 
counterpart of the holomorphic stress tensor Ttotai(-2) will be a spin- two field Tciassicai(-2^) 
which lies in the classical, holomorphic BRST-cohomology (or holomorphic chiral algebra) 
of the -B-gauged WZW model on SL{2), where TdassicaK-z) will generate the classical Virasoro 
transformations on the fields. 
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A Duality of Classical W-algebras Underlying a Geometric Langlands Correspondence for 
G = SL{2) 

Note that the observable in the holomorphic BRST-cohomology of the -B-gauged WZW 
model on SL(2) that will correspond to S{z) of the holomorphic chiral algebra of the purely 
bosonic, '?/'''-iiidependent sector of the twisted sigma-model on SL{2)/B, must have the 
same spin as S{z). In addition, since S{z) generates a classical Virasoro symmetry on the 
worldsheet, it will mean that the corresponding observable ought to be a spin- two field 
which exists in the classical, holomorphic BRST-cohomology of the 5-gauged WZW model 
on SL{2), and which also generates a classical Virasoro symmetry on the worldsheet. 

In order to ascertain the classical observable which corresponds to S{z), first recall that 
the quantum definition of S{z) sX k ^ —2 is given by S{z) = {k + 2)T{z). Notice that since 
the stress tensor T{z) also exists in the holomorphic chiral algebra of the purely bosonic, ip^- 
independent sector of the sigma-model on SL{2)/B, it will imply that T{z) must correspond 
to the stress tensor Ttotai(-2) of the -B-gauged WZW model on SL{2). Thus, at A; 7^ —2, 
S{z) will correspond to Ttotai(-2) = {k + 2)Ttotai(^), and at A; = —2, S{z) will correspond to 
the classical counterpart TdassicaK-z) of Ttotai(^)- Note that Tciassicai(-2) lies in the classical, 
holomorphic BRST-cohomology of the 5-gauged WZW model on SL{2) as required - at 
k = —2, Ttotai(^), which usually exists as a quantum operator, will act by zero in its OPE's 
with any other operator, i.e., it will reduce to its classical counterpart Tciassicai(-2) in the 
classical, holomorphic BRST-cohomology of the gauged WZW model. Moreover, since the 
shift in 2 in the factor {k+2) is due to a quantum effect as explained earlier, S{z) will actually 
correspond to Tciassicai(-2) = — 2Tciassicai(2;) at A; = —2. Hence, S{z) will indeed correspond to 
a spin-two field TdassicaK-z) in the classical, holomorphic BRST-cohomology of the -B-gauged 
WZW on SL{2) which generates a classical Virasoro transformation of the fields. 

What is the classical algebra generated by the Laurent modes of TdassicaK-z)? To as- 
certain this, first note that from the explicit form of Ttotai(-2) in (12.601) . we find that it has 
to have a central charge of c = 13 — 6/A;' + 2 — Q(k' + 2). Hence, the Virasoro modes of 
^totai(-2) = X^n-^™-^"""^ ^ill obey the following commutator relation 

(^3 _ n)5n,_^ (2.61) 
at the quantum level. Therefore, the commutator relations involving the -L„ modes of 



[Ln-, Lr 



in — m)Lr 



12 



13- 



6 



A;' + 2 



6(A;' + 2) 
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rtotai(^) = E„ " ^ will be given by 

13(A; + 2) 6(A; + 2) 6(A; + 2)(A;' + 2^ 



[L„,L^] = {k+2) 



[n - m)Ln+m + {rr - n)5n, 



12 12(A;' + 2) 12 

(2.62) 

At k = —2, Ttotsi{z) will cease to have a quantum definition, and it will reduce to its 
classical counterpart Tciassicai(-2)- Consequently, the — > — 2 (and k' — > oo) limit of the 
commutator relation in 02.621) . can be interpreted as its classical limit. Therefore, one can 
view the term [k + 2) in (12.621) as the parameter ih, where ^ — > is equivalent to the 
classical limit of the commutator relations. Since in a quantisation procedure, we go from 
{Ln, Lm}p.B. — ^ jfi[Ln,Lm], goiug in reverse would give us the classical Poisson bracket 
relation 

— — _ 6 

{Ln, Lm}p.B. = (n- m)Ln+m " -^{k + 2){k' + 2){Tt' - n)Sn-m, (2.63) 

where Tciassicai(-2) = X^n LnZ~"'~'^. Since the Poisson bracket must be well-defined as A; — 2 
and k' — * oo, it will mean that {k + 2){k' + 2) must be equal to a finite constant / in these 
limits. For different values of /, the Poisson algebra generated by the Laurent modes of 
Tciassicai(-2), will bc a classical Virasoro algebra with different central charges. Note at this 
point that an equivalence - at the level of the holomorphic chiral algebra - between the ip^- 
independent sector of the twisted sigma-model on SL{2)/ B and the i?-gauged WZW model 
on SL{2), will mean that the Laurent modes of Tciassicai(-z) and S{z) ought to generate an 
isomorphic classical algebra. In other words, the L^'s ought to generate the same classical 
Virasoro algebra with central charge —6 that is generated by the Laurent modes Sm of the 
sigma-model description in fl2.29p . i.e., we must have Z = 1, or rather {k + 2) = l/{k' + 2). 
Thus, the Poisson algebra generated by the L^'s must be given by 

— — _ 6 

{Ln, Lm}p.B. = {n- m)Ln+m " —{ji^ " n)5n-m- (2.64) 

This algebra also coincides with Woo (s 12), the classical W-algebra associated to s[2 at level 
fc' — > cxD obtained via a DS reduction scheme Since the SmS that correspond to the L^'s 
in (I2.64P span 3(312), and since for Q = SI2 = ^Q, we have = ^h^ = 2, and = 1, where 
is the lacing number of g, we find that an equivalence - at the level of the holomorphic 
chiral algebra - between the ^/'■''-independent sector of the twisted sigma-model on SL{2)/B 
and the -B-gauged WZW model on SL{2), will imply an isomorphism of Poisson algebras 

3(0) = Woo(^0), (2.65) 



24 



and the level relation 



{k + h'')r 



1 



(2.66) 



{k' + ) 



Note at this point that the purely bosonic, ^/'■'-independent sector of the twisted sigma-model 
on SL{2)/B, can be described, via fl2.3ip . by a bosonic string on SL{2)/B. On the other 
hand, note that since a bosonic string on a group manifold G can be described as a WZW 
model on G, it will mean that the 5-gauged WZW model on SL{2) can be interpreted 
as a 5-gauged bosonic string on SL{2). Thus, we see that an equivalence, at the level 
of the holomorphic chiral algebra, between a bosonic string on SL{2)/B and a 5-gauged 
version of itself on SL{2) - a statement which stems from the ubiquitous notion that one can 
always physically interpret a geometrical symmetry of the target space as a gauge symmetry 
in the worldsheet theory - will imply an isomorphism of classical W-algebras and a level 
relation which underlie a geometric Langlands correspondence for G = SL{2)\ Notice that 
the correspondence between the k —2 and k' ^ oo limits (within the context of the 
above Poisson algebras) is indeed consistent with the relation (12.661) . These limits define a 
"classical" geometric Langlands correspondence. A "quantum" generalisation of the SL{2) 
correspondence can be defined for other values of k and k' that satisfy the relation (I2.66p . 
but with the isomorphism of (12.651) replaced by an isomorphism of quantum W-algebras 
(derived from a DS-reduction scheme) associated to SI2 at levels k and k' respectively [6j. 

2.3. The Twisted Sigma-Model on SL{3)/B and its Classical Holomorphic Chiral Algebra 

Now, let us take X = SL{3)/B, where B is the subgroup of upper triangular matrices 
of SL[3) with a nilpotent Lie algebra b. Note that dim^X = 3, and one can cover X with 
six open charts where w = 1, 2, . . . , 6, such that each open chart can be identified 
with the affine space C^. Hence, the sheaf of CDO's in any Uyj can be described by three 
free (3^ systems with the action 



As before, the /5j's and 7*'s are fields of dimension (1,0) and (0,0) respectively. They obey 
the standard free-field OPE's; there are no singularities in the operator products Pi{z) ■ Pi{z') 
and 7*(-2) ■ Yi^')^ while 




(2.67) 



f3.{zh\z') 



z — z' 



(2.68) 
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Similarly, the sheaf of CDO's in a neighbouring intersecting chart ?7^+i is described by 
three free /37 systems with action 

^ = E ^ / l^'^l (2.69) 

where the (3i and 7* fields obey the same OPE's as the (3i and 7* fields. In other words, the 
non-trivial OPE's are given by 

A(^)f (/) ~ (2.70) 

In order to describe a globally-defined sheaf of CDO's, one will need to glue the free 
conformal field theories with actions fl2.67p and fl2.69p in the overlap region Uw H Uyjj^i for 
every w = 1, 2, ... 6, where Uj = Ui. To do so, one must use the admissible automorphisms 
of the free conformal field theories defined in (lA.29l) - fA.30[) to glue the free- fields together. 



In the case of X = SL{3) / B, the relation between the coordinates in Uw and Uw+i will mean 
that the 7"s in f/tu+i will be related to the 7*'s in Uw via the relation [7] = [V^«;+i]~^[V^u)][7], 
where the 3x3 matrices and [Vw] are elements of the S3 permutation subgroup of 

GL{3) matrices associated to the open charts Uw+i and Uw respectively, and [7] is a 3 x 1 
column matrix with the 7*'s as entries. By substituting this relation between the 7*'s and 
7*'s in (IA.29l) - flA.30l) . one will have the admissible automorphisms of the fields, which can 
then be used to glue together the local sheaves of CDO's in the overlap region Uw H Uw+i 
for every w = 1,2, ... ,6. These gluing relations for the free fields can be written as 

f = [Vwli ■ Vwh 7^ (2.71) 
k = (3kD\ + d,^^E,„ (2.72) 

where i, j,k = 1,2, ... , 3. Here, D and E are 3x3 matrices, whereby [{D'^)^^]i^ = 9j[K7+i ' 
Vwl'^j 7"' and [E]ij = diBj. It can be verified that (3 and 7 obey the correct OPE's amongst 
themselves. Moreover, let Rw represent a transformation of the fields in going from Uw 
to Uw+i- One can indeed verify that just as in the previous case where we considered 
constructing a sheaf of CDO's on SL{2)/B, there is no anomaly to a global definition of a 
sheaf of CDO's on X = SL{3)/B - a careful computation will reveal that one will get the 
desired composition maps {RQR5R4R3R2R1) ■ 'y^ = 7-' and (-R6-R5-R4-R3-R2-R1) ■ A = A- Again, 
this is just a statement that one can always define a sheaf of CDO's on any flag manifold 
SL{N)/B [llj. 
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Global Sections of the Sheaf of CDO's on X = SL{3)/B 

Since X = SL{3)/B is of complex dimension 3, the chiral algebra A will be given by 
A = 0^^~Q if^^(X, O^) as a vector space. As before and throughout this paper, it would 
suffice for our purpose to concentrate on just the purely bosonic sector of ^ - from our 
(5+-Cech cohomology dictionary, this again translates to studying only the global sections 



flag manifold M = SL{N)/B, that will furnish a module of an affine SL{N) algebra at 
the critical level. This means that one can always find dimension one global sections of the 
sheaf that correspond to -^'-independent currents J°'{z) for a = 1, 2, . . . dim sta = 8, that 
satisfy the OPE's of an affine SL{3) algebra at the critical level k = —3: 



where dab is the Cartan-Killing metric of slalU Since these are global sections, it will be 
true that Ja{z) = Ja{z) on any Uw H Uw+i and a. Moreover, from our Q_^_-Cech cohomology 
dictionary, they will be Q_,_-closed chiral vertex operators that are holomorphic in z, which 
means that one can expand them in a Laurent series that allows an affinisation of the 
SL(3) algebra generated by their resulting zero modes. Similar to the SL{2)/B CP^ 
case, the space of these operators obeys all the physical axioms of a chiral algebra except 
for reparameterisation invariance on the ^-plane or worldsheet S. We will substantiate this 
last statement next by showing that the holomorphic stress tensor fails to exist in the Q_^_- 
cohomology at the quantum level. Again, this observation will be important in our discussion 
of a geometric Langlands correspondence for G = SL{3). 

The Segal-Sugawara Tensor and the Classical Holomorphic Chiral Algebra 

Recall that for any affine algebra g at level k ^ —h"^, where /i^ is the dual Coxeter 
number of the Lie algebra g, one can construct the corresponding stress tensor out of the 
currents of via a Segal-Sugawara construction [16j. In the present case of an affine SL{3) 

^Note that one can consistently introduce appropriate fluxes to deform tlie level away from —3 - recall 
from our discussion in §A.7 that the Eij — diBj term in ()2.72p is related to the fluxes that correspond to the 
moduli of the chiral algebra, and since this term will determine the level k of the affine SL{3) algebra via 
the identification of the global sections (3i with the affine currents valued in the subalgebra of 5I3 associated 
to its positive roots, turning on the relevant fluxes will deform k away from —3. Henceforth, whenever we 
consider k ^ —3, we really mean turning on fluxes in this manner. 



in H^{X, Of). 



According to theorem 5.13 of [TT], one can always find elements in H^{M, Off) for any 




(2.73) 
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algebra, the stress tensor can be constructed as 



T(z) = '■"^^'y^^'^^ \ (2.74) 
^ ' k+3 ' ^ ' 

where c?"^ is the inverse of the Cartan-Kilhng metric of £[3, and /i^ = 3. As required, for 
every k 7^ —3, the modes of the Laurent expansion of T{z) will span a Virasoro algebra. 
In particular, T{z) will generate holomorphic reparametrisations of the coordinates on the 
worldsheet S. Notice that this definition of T{z) in (12.741) is ill-defined when k = —3. 
Nevertheless, one can always associate T{z) with the Segal-Sugawara operator S{z) that is 
well-defined at any finite level, whereby 



S{z) = {k + 3)T{z), (2.75) 

and 

S{z) = : d'^'JaMz) :. (2.76) 

From (12.751) . we see that S{z) generates, in its OPE's with other field operators, {k + 3) 
times the transformations usually generated by the stress tensor T{z). Therefore, at the 
level k = —3, S{z) generates no transformations at all - its OPE's with all other field 
operators are trivial. This is equivalent to saying that the holomorphic stress tensor does 
not exist at the quantum level, since S{z), which is the only well-defined operator at this 
level that could possibly generate the transformation of fields under an arbitrary holomorphic 
reparametrisation of the worldsheet coordinates on S, acts by zero in the OPE's. 

Despite the fact that S{z) will cease to exist in the spectrum of physical operators asso- 
ciated to the twisted sigma-model on X = SL{3)/B at the quantum level, it will nevertheless 
exist as a field in its classical (5+-cohomology or holomorphic chiral algebra. One can con- 
vince oneself that this is true as follows. Firstly, from our Q_,_-Cech cohomology dictionary, 
since the Ja{zys are in H^(X, O^)' mean that they are in the Q^-cohomology of the 

sigma-model at the quantum level. Secondly, since quantum corrections can only annihilate 
cohomology classes and not create them, it will mean that the Ja{z)'s will be in the clas- 
sical Q_j.-cohomology of the sigma-model, i.e., the currents are (5+-closed and are therefore 
invariant under the transformations generated by (5+ in the absence of quantum corrections. 
Hence, one can readily see that (the classical counterpart of) S{z) in (I2.76P will also be 
Q^_-closed at the classical level. Lastly, recall from section 2.3 that [Q^, T{z)] = such that 
T{z) 7^ {Q+, ■ ■ ■ } in the absence of quantum corrections to the action of Q_^_ in the classical 
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theory. Note also that the integer 3 in the factor {k + 3) of the expression S{z) in fl2.75p . is 
due to a shift by /i^ = 3 in the level k because of quantum renormalisation effects [IT], i.e., 
the classical expression of S{z) for a general level k can actually be written as S{z) = kT{z), 
and therefore, one will have —3T{z)] = S{z)] = 0, where S{z) ^ • ■ ■ } in the 
classical theory. Therefore, Si^z^ will be a spin-two field in the classical holomorphic chiral 
algebra of the purely bosonic sector of the twisted sigma-model on X = SL{'i)/B. This 
observation is also consistent with the fact that 5* (2;) fails to correspond to a global section 
of the sheaf (9^ of CDO's - note that in our case, we actually have S{z) = —3T{z) in the 
classical theory, and this will mean that under quantum corrections to the action of we 
will have [Q+,S,,] = -3d,{Rijd,^'ip~^) ^ (since Rfj ^ for any flag manifold SL{N)/B), 
which corresponds in the Cech cohomology picture to the expression S{z) — S{z) 7^ 0, i.e., 
S{z), the Cech cohomology counterpart to the S{z) operator, will fail to be in H^(X, O'j^). 
Consequently, one can always represent S{z) by a classical c-number. This point will again 
be important when we discuss how one can define Hecke eigensheaves that will correspond 
to flat "^G-bundles on a Riemann surface E in our physical interpretation of the geometric 
Langlands correspondence for G = SL{3). 

The fact that S{z) acts trivially in any OPE with other field operators implies that its 
Laurent modes will commute with the Laurent modes of any of these other field operators; in 
particular, they will commute with the Laurent modes of the Ja{z) currents - in other words, 
the Laurent modes of S{z) will span the centre 3(313) of the completed universal enveloping 
algebra of the affine SL(3) algebra SI3 at the critical level k = —3 (generated by the Laurent 
modes of the Ja{z) currents in the quantum chiral algebra of the twisted sigma-model on 
SL{3)/ B). Notice also that S{z) is ■^/'-'-independent and is therefore purely bosonic in nature. 
In other words, the local field S{z) exists only in the classical holomorphic chiral algebra of 
the purely bosonic (or -independent) sector of the twisted sigma-model on X = SL{3)/B. 

A Classical Virasoro Algebra 

Note that since S{z) is holomorphic in z and is of conformal dimension two, one can 
expand it in terms of a Laurent expansion as 

S{z) = J2SnZ-''~'- (2-77) 

Recall that for the general case of A; 7^ —3, a quantum definition of S{z) exists, such that 
the Sn modes of the Laurent expansion can be related to the Ja,n modes of the £[3 currents 
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through the quantum commutator relations 



[Sn, Ja,m] = -{k + ?>)mJa,n+ra, (2.78) 

[^n, Sm] = (fc + 3) [in - m)Sn+^ + ^""^ ~ '^"•-™) ' ^^''^^^ 

where a = 1, 2, . . . , 8. If we now let k = —3, we will have [Sn, Ja,m] = [Sn, Sm] = - the S'^'s 
thus generate the (classical) centre of the completed universal enveloping algebra of sis as 
mentioned above. 

Since we now understand that S{z) must be a holomorphic classical field at k = —3, 
let us rewrite the Laurent expansion of S{z) as 

S{z) = J2SnZ~''-^ (2.80) 



so as to differentiate the classical modes of expansion Sn from their quantum counterpart 
Sn in fl2.75p . Unlike the S'„'s which obey the quantum commutator relations in fl2.79p for 
an arbitrary level k ^ —3, the S'„'s, being the modes of a Laurent expansion of a classical 
field, will instead obey Poisson bracket relations that define a certain classical algebra when 
k = -3. 

Based on our arguments thus far, we learn that the quantum version of S{z) as expressed 
in (12.751) . must reduce to its classical counterpart as expressed in (12.801) . when k = —3. In 
other words, one can see that by taking (fc + 3) 0, we are going to the classical limit. 
This is analogous to taking the h ^ limit in any quantum mechanical theory whenever 
one wants to ascertain its classical counterpart. In fact, by identifying {k + 3) with ih, and 
by noting that one must make the replacement from Possion brackets to commutators via 
{Sn, Sm}p.B. — ^ ikt*^"' ^"^] quantising the S'„'s into operators, we can ascertain the classical 
algebra generated by the S'^'s from (12.791) as 

24 

{Sn, Sm}p.B. = {n- m)Sn+m ~ ^ ~ ^) ^n-m- (2.81) 

Since we have the classical relation S{z) ~ T{z), it means that we can interpret the Sn 
modes as the Virasoro modes of the Laurent expansion of the classical stress tensor field 
T{z). In other words, the S^s generate a classical Virasoro algebra with central charge —24 
as given by (12.811) . This can be denoted mathematically as the Virasoro Poisson algebra 
Sym'{vir_2i). 
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A Higher-Spin Analog of the Segal-Sugawara Tensor and the Classical Holomorphic Chiral 
Algebra 

For an affine SL{N) algebra where N > 2, one can generalise the Sugawara formalism 
to construct higher-spin analogs of the holomorphic stress tensor with the currents. These 
higher-spin analogs have conformal weights 3, 4, ... A^. These higher-spin analogs are called 
Casimir operators, and were first constructed in [25] . 

In the context of our affine SL{3) algebra with a module that is furnished by the global 
sections of the sheaf of CDO's on X = SL{3)/B, a spin-three analog of the holomorphic 
stress tensor will be given by the 3rd-order Casimir operator [12] 

T<')(.) = ^''°"W(W))W:_ p^g2, 

where d°-'^'^{k) is a completely symmetric traceless sta-invariant tensor of rank 3 that depends 
on the level k of the affine SL{3) algebra in question. d°'^'^{k) is also well-defined and finite 
aX k = —3. The superscript on T'^'^\z) just denotes that it is a spin-three analog of T{z). 

As with T{z) in fl2T4D . T^^) {z) is ill-defined when k = —3. Nevertheless, one can 
always make reference to a higher-spin analog of the Segal-Sugawara tensor S^^\z) that is 
well-defined for any finite value of k, where its relation to T^^\z) is given by 

S^^\z) = {k + 3)T^^\z), (2.83) 



and 

S(^){z) = : d'''"^ik){UJtJMz) :. (2.84) 

That is, the operator S^^\z) generates in its OPE's with all other operators of the quantum 
theory, {k + 3) times the field transformations typically generated by T^^\z). 

Notice however, that at k = —3, S^^\z) acts by zero in its OPE with any other operator. 
This is equivalent to saying that T^^\z) does not exist as a quantum operator at all, since 
the only well-defined operator S^^^ (z) which is supposed to generate the field transformations 
associated to T^'^\z), act by zero and thus generate no field transformations at all. From 
our Q^-Cech cohomology dictionary, this means that the '?/'*-indepedent operator T^^\z) will 
fail to correspond to a dimension three global section of O"^. Since we have, at the classical 
level, the relation S^^\z) = -3T^^\z), it will mean that S^^\z) will also fail to correspond 
to a dimension three global section of O'^^. Thus, S^^^z) will fail to be an operator at the 
quantum level. Is it even a spin-three field in the classical holomorphic chiral algebra of 
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the twisted sigma-model on SL{3)/B, one might ask. The answer is yes. To see this, recall 
that each of the Ja{z)'s are separately (5_|_-invariant and not (5+-exact at the classical level. 
Therefore, the classical counterpart of S^^\z) in (12.841) must also be such, which in turn 
means that it will be in the classical (5+-cohomology and hence classical chiral algebra of 
the twisted sigma-model on SL{3)/B. 

The fact that S^^\z) acts trivially in any OPE with other field operators implies that its 
Laurent modes will commute with the Laurent modes of any other operator; in particular, 
they will commute with the Laurent modes of the currents Ja{z) for a = 1, 2, . . . , 8 - in other 
words, the Laurent modes of S^^\z) will span the centre ^{sl^) of the completed universal 
enveloping algebra of the affine SL{3) algebra sl^ at the critical level k = —3 (generated by 
the Laurent modes of the Ja{z) currents of the quantum chiral algebra of the twisted sigma- 
model on SL{3)/B). Last but not least, notice that the S^^^z) field is also ■^/'-'-independent 
and is therefore purely bosonic in nature. In other words, the local fields S{z) and S'^^^z), 
whose Laurent modes together generate 3 (sis), exist only in the classical holomorphic chiral 
algebra of the purely bosonic (or ^/^-^ -independent) sector of the twisted sigma-model on 
X = SL{3)/B. 

A Classical W^-algehra 

For an affine SL{3) algebra at an arbitrary level k ^ —3, as in the case of S{z) discussed 
earlier, a quantum definition of S'^'^\z) exists. In fact, consider the following operators given 
by ^^^\z) = (v/37200) : d''^%Ja{JbJc)){z) : and S{z) = (1/4) : d^^JaMz) :, where d^^" is 
just a rank-three extension of d"'^. It can be shown that S {z) and S{z) together span 
a closed Casimir OPE algebra which is isomorphic to a particular Ws OPE algebra |25j. 
This implies that for k 7^ —3, both 5* (z) and S{z) and therefore S{z) ~: d°'^JaJb{z) : 
and S^'^\z) ~: d"-^^{Ja{JbJc)){z) :, will exist as quantum operators in some cohomology - 
the (5_|.-cohomology in this instance. This will in turn mean that S{z) = {k + 3)T{z) and 
S^^\z) = {k + 3)T^^\z) must also span a closed OPE algebra that is equivalent - at the level 
of (5+-cohomology - to this Casimir OPE algebra, when k 7^ —3. Since we know that for 
k 7^ —3, T{z) will generate a Virasoro subalgebra of a closed VV3 OPE algebra with central 
charge c = 8k/ {k + 3), it will mean that S{z) and S^^\z) will satisfy a rescaled (by a factor 
of (fc + 3)) version of a closed W3 OPE algebra at c = 8A;/(A; + 3) for k ^ -3. Because S^^\z) 
is holomorphic in z, we can Laurent expand it as 

5(3)(^) = 3. (2.85) 
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At 7^ —3, the Laurent modes Sn \ together with the Laurent modes Sn of S{z), will then 
obey the following quantum commutator relations 



(3) 



(2.86) 



and 

S^^^] = {k + 3) 
+ {k + 3) 

+ {k + 3) 



m(m^ — l)(m^ — 4)5^ -n 
360 ^ ' ' 

(m - n) (j^i^ + n + 3){m + n + 2) - i(m + 2)(n + 2) ) Sm+n 



16 



62A; + 66 



im-n) I ^ Sm+n-pSp - —{k + 3){m + n + 3){m + n + 2)S.m+n 



(2.87) 



Now let us consider the case when k = —3. From our earlier explanations about 
the nature of S^^\z) and S{z) at k = —3, we find that they will cease to exist as quantum 
operators at k = —3. Since we understand that S^^\z), just like S{z), must be a holomorphic 
classical field at k = —3, we shall rewrite the Laurent expansion of S^^\z) as 



-71 — 3 



(2i 



(3) 

SO as to differentiate the classical modes of expansion Sn from their quantum counterpart 
Sn^ in (12.851) . Unlike the Sn^^s which obey the quantum commutator relations in (12.871) for 

(3) 

an arbitrary level k ^ —3, the Sn s, being the modes of a Laurent expansion of a classical 
field, will instead obey Poisson bracket relations that define a certain classical algebra when 



k = —3. Since every Sn^ must reduce to its classical counterpart Sn' when k = —3, one can 
see that by taking (A; + 3) 0, we are actually going to the classical limit. This is analogous 
to taking the h ^ limit in any quantum mechanical theory whenever one wants to ascertain 
its classical counterpart. In fact, by identifying (fc + 3) with ih, and by noting that one must 
make the replacement from Possion brackets to commutators via {Dn, Dm\pB. —>■ jf^lDn, D^] 
in quantising any classical mode Dn into an operator, we can ascertain the classical algebra 
generated by the Sn s and S'„'s from (I2.86P and (12.871) as 



(3) 



{Sn,S^i^}p,B. = {2n-m) S, 



(3) 

n+rrn 



(2.89) 
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and 



B. 



m(m^ - l)(m^ - 4)5^ _„ - ^('^ - '^)^ Sm+n-p Sp 



360 



+ (m - n) ( -3-(m + + 3)(m + n + 2) - ^(m + 2)(ra + 2) ) 
15 



(2.90) 

Together with the earher expression 

24 

{Sn, Sm}p.B. = {n- m)Sn+m ~ ~ ^) ^n,-m, (2.91) 

(3) 

we see that the Sm s and S^'s generate a classical Wa-algebra with central charge —24. 

(3) 

Note that the algebra is closed amongst the Sk and Sn modes; this is true because both 
S^^\z) and S{z) are in the classical Q^_-cohomology of the sigma-modeljfl Thus, if we denote 
this classical algebra by >V3(— 24), we then have the identification ^(sts) ~ >V3(— 24). 



2.4- A Gauged WZW Model and the Geometric Langlands Gorrespondence for G = SL{3) 

The B-gauged WZW Model on SL(3) 

According to our discussion in §2.2, the classical holomorphic chiral algebra of the 
purely bosonic sector of the twisted sigma-model on SL{3)/B - in which lie the fields S{z) 
and S^^\z) - will be given by the classical, holomorphic BRST-cohomology of a 5-gauged 
WZW model on SL{3) - from which one ought to find non-trivial classes that are in one-to- 
one correspondence with the fields S{z) and S^^\z) respectively. As such, we shall proceed 
to specialise the action SB-ga.ugcd{g, A^, A^, , J^) of a (non-dynamically) -B-gauged WZW 
model on any SL{N) defined in fl2.43p of §2.2, to the case where the target-space is now 
SL{3). 

In the case of SL{3), we have dim n± = 3 and dim c = 2, so we can write J{z) = 
ELi J^M)ta + ELi Jci^K + Ell JU^)ti, and J{z) = ELi + ELi Jci^ + 

ELi J+{^)'^t ^ where t^; G n_, G c, and t+ G n+. One can also write M = Ea=i ^-^a + 

®Note at this point that if O and C are non-exact (3_,_-closed observables in the (classical) Q-i--cohoniology, 
i.e., {Q+,0} = {Q+,0'} = 0, then {Q+,OC} = 0. Moreover, if {Q+,0} = 0, then 0{Q+,W} = 
{Q_^,OW} for any observable W. These two statements mean that the cohomology classes of observables 
that commute with form a closed and well-defined (classical) algebra. 
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X]a=i ^c^a + Sf=i where M°.^ and are arbitrary number constants, and M = 

X]a=i "^-^a +X]a=i "^"^a + SLi ^+^t^ where Mt.f. and are arbitrary number constants. 
In addition, one can also write = ^^^lA^t^ and = XlLi^l^/"- Let us denote 
J+{z) = T.LiJ+i^)tt and M+ = Let us also denote J+{z) = Eti -^U^)^/" 

and M+ = T.i=iMit+. Hence, one can write the action for the 5-gauged WZW model on 
5*^(3) as 

Iff* 3 

SsLi,){g.A,,A,,rj+) = S^z{g)-Y / d'z Y,[^'-AJl{^) + Ml) - A\{Jl{z) + Ml) 

-TiiA^gA.g-^ - A^z] (2.92) 

Due to the 5-gauge invariance of the theory, we must divide the measure in any path 
integral computation by the volume of the 5-gauge symmetry. That is, the partition function 
has to take the form 

= / \9-'dg,dAldA^,] (^^^ (2.93) 
Jy. (gauge volume) 

One must now fix this gauge invariance to eliminate the non-unique degrees of freedom. One 
can do this by employing the BRST formalism which requires the introduction of Faddev- 
Popov ghost fields. 

In order to obtain the holomorphic BRST transformations of the fields, one simply re- 
places the position-dependent infinitesimal gauge parameter oi h = B = exp(— Xlf=i ^^K) 
in the corresponding left-sector of the gauge transformations in (12.341) with the ghost field 
c', which then gives us 

5brst(^) = -chig, 5brst(4) = -D-zc\ (5brst (others) = 0. (2.94) 

The components of the ghost field c{z) = Ym=i '^'^ and those of its anti-ghost partner 
K^) = X]f=i ^\z)'tt will transform as 

5brst(cO = -^/ifcC"^c^ (5brst(&') = B\ 6bkst{&) = 0, (2.95) 

where the /^^'s are the structure constants of the nilpotent subalgebra n+. Also, the -B''s 
are the Nakanishi-Lautrup auxiliary fields that are the BRST transforms of the 6''s. They 
also serve as a Lagrange multipliers to impose the gauge-fixing conditions. 
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In order to obtain the antiholomorphic BRST transformations of the fields, one employs 
the same recipe to the corresponding right- sector of the gauge transformations in fl2.34p with 
the infinitesimal position-dependent gauge parameter now replaced by the ghost field c', 
which then gives us 

Sbrst{9) = cH+g, 6BRST{Ai) = -D,c\ 5brst (others) = 0. (2.96) 

The components of the ghost field c{z) = Yl^=i'^\^)^t ^^"^ those of its anti-ghost partner 
K^) — YM=i^K^)^t ^^^^ transform as 

W(c') = -^/ifcC™c^ W(&') = Sbkst{&) = 0. (2.97) 

In the above, the -B^'s are the Nakanishi-Lautrup auxiliary fields that are the antiholomorphic 
BRST transforms of the a fields. They also serve as Lagrange multipliers to impose the 
gauge-fixing conditions. 

Since the BRST transformations in 02.941] and fl2.96p are just infinitesimal versions of 
the gauge transformations in (12.341] , SsL{3){g, ^z, ^z, i J^) will be invariant under them. 
An important point to note at this juncture is that in addition to (5brst + ^brst) ■ ((^brst + 
^brst) = 0, the holomorphic and antiholomorphic BRST- variations are also separately nilpo- 
tent, i.e., ^l^gT = and ^l^gT = 0. Moreover, 5brst ■ 5brst = -^brst ■ ^brst- This means 
that the BRST-cohomology of the i?-gauged WZW model on 5*17(3) can be decomposed 
into independent holomorphic and antiholomorphic sectors that are just complex conjugate 
of each other, and that it can be computed via a spectral sequence, whereby the first two 
complexes will be furnished by its holomorphic and antiholomorphic BRST-cohomologies 
respectively. Since we will only be interested in the holomorphic chiral algebra of the B- 
gauged WZW model on 5*^(3) (which as mentioned, is just identical to its antiholomorphic 
chiral algebra by a complex conjugation), we shall henceforth focus on the holomorphic 
BRST-cohomology of the -B-gauged WZW model on SL{?)). 

By the usual recipe of the BRST formalism, one can fix the gauge by adding to the 
BRST-invariant action SsL{3){g, ^z, ^s, J'^, J~^), a BRST-exact term. Since the BRST trans- 
formation by (5brst + (^brst) is nilpotent, the new total action will still be BRST-invariant 
as required. The choice of the BRST-exact operator will then define the gauge-fixing condi- 
tions. A consistent choice of the BRST-exact operator that will give us the requisite action 
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for the ghost and anti-ghost fields is 



SsLi3)i9, A,, A„ J+, J+) + (<5brst + W) (^^ ^ d'z ^ A[b' + A^b^ 
where one will indeed have the desired total action, which can be written as 

^ 1=1 



(2.98) 



From the equations of motion by varying the i?''s, we have the conditions A[ = for 
/ = 1,2,3. From the equations of motion by varying the i?''s, we also have the conditions 
= for / = 1, 2, 3. Thus, the partition function of the 5-gauged WZW model can also 
be expressed as 

ZsL{3) = j [g'^dg, db, dc, db, dc] exp ^iS'wzw(fl') '^^^ j ^"^^ '^^('^ ' + Tr(c ■ dj>){z)^ , 

(2.99) 

where the holomorphic BRST variations of the fields which leave the effective action in (12.991) 
invariant are now given by 

SbrsM = -c'^tig, (5brst(c') = -i/i,c™c^ 5brst(&0 = 4 + ^+ - fLkb"'^^ 
5brst (others) = 0. (2.100) 

Though we did not make this obvious in our discussion above, by integrating out the 
ii-'s in ( 12:921) . and using the above conditions A[ = for Z = 1, 2, 3, we find that we actually 
have the relations {J^j^{z) + M^) = for / = 1,2,3. These relations (involving the current 
associated to the Borel subalgebra b of the group B that we are modding out by) will lead 
us directly to the correct form of the holomorphic stress tensor for the gauged WZW model 
without reference to a coset formalism. Let us look at this more closely. Since we have, 
in the holomorphic BRST-cohomology of this non-dynamically -B-gauged WZW model on 
SL{3), currents that generate an affine SL{3) OPE algebra, (consistent with the presence 
of an affine SL{3) OPE algebra generated by operators in the holomorphic chiral algebra 
of the purely bosonic sector of the sigma-model on SL{3)/B), we can employ the Sugawara 
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formalism to construct the holomorphic stress tensor associated to the 5'wzw(5') part of the 
total action from the currents, and it can be written as 



■.J{zyj{z): 
(k' + 3) 



where the above dot product between the currents J{z) is taken with respect to the Cartan- 
Killing metric on £[3. Note that with respect to Tsl{3){z), the currents for / = 1,2,3 

(and in fact all the other affine SL{3) currents) have conformal dimension one. This is 
inconsistent with the condition J':^_{z) = — M_^, as the M^'s are constants of conformal 
dimension zero. This means that one must modify Tsl{3){z) so that the J^(z)'s will have 
conformal dimension zero. A physically consistent modification involves adding to Tsl{3) {z) 
a term that has conformal dimension two. A little thought will reveal that the only consistent 
candidate for the modified stress tensor of S^zwid) will be given by 

T„,odificd(2;) = TsLi3){z) + dJl{z) + dJl{z). (2.102) 

With respect to Tmodified(-2), the currents JX{z) and J\{z) have vanishing conformal dimen- 
sions as required. On the other hand, the current J\{z) will now have conformal dimension 
-1. Thus, it must mean that there cannot be any restriction on the conformal dimension of 
J\{z), and therefore, must vanish. 

In order for the above observations to be consistent with the fact that the BRST-charge 
Qbrst generating the variations 5brst(&') of fl2.100p must be a scalar of conformal dimension 
zero, we find that 6''s and hence the c''s must have the following conformal dimensions: 
(6\ 6^, Tt") ^ (0, 0, —1) and (c\ c^, c^) (1, 1, 2). From the effective action in fl2.99p . we can 
compute the holomorphic stress tensor of the left-moving ghost / anti-ghost system. Including 
this contribution, we find that the total holomorphic stress tensor can be written as 

T,oUz) = TsLi3){z) + dJl{z) + dJl{z) + d,h\z)cl{z) + d,h\z)cl{z) 

+2d.h'^-\z)cUz) + y'^^{z)d.cUz). (2.103) 

The conserved current associated to the holomorphic BRST-variations of the fields in 
(12.1001) can be computed as 

W = c\{Jl{z) + Ml) + cl{Jl{z) + Ml) + cljl\z) + cl{z)cl{z)h'^\z). (2.104) 
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Apart from a trivial inspection, one can also verify, from the affine SL{3) OPE algebra and 
the OPE algebra between the left-moving ghost / anti-ghost fields, that /brst is of conformal 
dimension one with respect to Ttota\{z). This means that as required, one can define a 
conformal dimension zero scalar BRST-charge 

Qbrst = f^^ cliJliz) + Ml) + cliJliz) + Ml) + cljl^z) + c\{z)cl{z)h'^\z), (2.105) 

which generates the correct holomorphic BRST-variation of the fields. Note that the holo- 
morphic BRST-charge can also be written in its general form as 

/ /dimn-(.=3 dimn+=3 \ 

^ ^ c\jl{z) + Ml) - - J2 fmkb-'c^n. (2.106) 

\ 1=1 l,m,k=l / 

Using the free field OPE's that the ghost fields generate, one can immediately verify that 
Qbrst as given in fl2.106p will indeed generate the field variations in fl2.100p . 

More about the Holomorphic Stress Tensor and its Higher-Spin Analog 

Since /brst is of conformal dimension one with respect to Tiot&\{z), it will mean that 
/total (-z) will be annihilated by Qbrst- Moreover, one can also check that TtotaK^) 7^ 
{Qbrst, ■ ■ ■ }• In other words, Ttotai(^) is a spin-two observable in the holomorphic BRST- 
cohomology of the -B-gauged WZW model on S'L(3). From the explicit expression of 
/total (-2), we find that its Laurent modes will generate a Virasoro algebra with central charge 
c = 2-24(fc' + 2)V(A:' + 3). 

Note that one can define a cohomologically equivalent total holomorphic stress tensor 
TwAz) via 

Tw,{z) = Ttotai(^) + {Qbrst, t{z)}, (2.107) 



whereby 



t{z) = ji,Az)d,b\z)+^2A^)d,b'{z) + 2^3A^)d,b''Az)+d,jsA^)b^'A^) 

-liA^)dAl2A^)b''%z)], (2.108) 



1 f^^ , , ,n , ^^2 , ^2(A;' + 2) 



such that 

TwA'A = -2 [id.M^)r + (d.Mz))'' + "-^J^= ^.Vi(^) J , (2.109) 

in which the 7's and <y9's are just auxiliary fields which satisfy the OPE's of a free /?7 and free 
scalar system respectively. It can be shown [26j that Ty/^z), together with a spin-three field 
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'^wl(^) '^hich is a higher-spin analog of T\y^{z), will satisfy the free boson realisation of a 
closed VVs OPE algebra with the same central charge c = 2-2A{k'+2)^/{k'+3) = 50-24(A;' + 
3) — 24/ {k' + 3). This implies that one can always find a spin-three observable, independent 
of the 7's and yj's, and composed out of the fields in the gauged WZW model only, which 
is cohomologically equivalent to T,y^(z), and which is also non-trivial in the holomorphic 
BRST-cohomology of the gauged WZW modelE Let us denote this spin-three observable as 
^totai(^)- Note that T^oLii^) is just a spin-three analog of Ttotai(-2^), and together with Ttotai(-2^), 
it will generate a W3 OPE algebra with central charge c = 50 — 24:{k' -|- 3) — 24/ {k' + 3) for 
finite (and therefore non-classical) values of the level k'. This observation will turn out to 
be consistent with our discussion in §3.3 where we unravel the role that the S-gauged WZW 
model on 5*^(3) plays in a physical realisation of the DS-reduction scheme of generating a 
Wk'ish) OPE algebra. 

Last but not least, a soon-to-be relevant point to note is that since quantum corrections 
can only annihilate classes in the BRST-cohomology and not create them, the classical coun- 
terparts of the holomorphic stress tensor Ttotai(-2) and its spin-three analog T^^\z), will be 
the spin-two and spin-three fields TdassicaK-z) and ^iitLicail-^) which lie in the classical, holo- 
morphic BRST-cohomology (or holomorphic chiral algebra) of the i?-gauged WZW model 
on SL{3), where Tciassicai(^) will generate a classical Virasoro transformation on the fields, 
while T^iJssicaii^) ^ill generate a classical W3 transformation on them. 

A Duality of Classical W-Algebras Underlying a Geometric Langlands Correspondence for 
G = SL{3) 

Recall that the observables in the holomorphic BRST-cohomology of the gauged WZW 
model that should correspond to S{z) and S^^\z) of the holomorphic chiral algebra of the 
purely bosonic, -independent sector of the twisted sigma-model on SL{3)/B, must have 
the same spins as S{z) and S^^^z). Since S{z) generates a classical Virasoro symmetry on 
the worldsheet, it should correspond to a spin-two observable in the classical, holomorphic 
BRST-cohomology of the -B-gauged WZW model on SL{3) which generates a classical Vi- 
rasoro symmetry on the worldsheet. Since S^^\z) generates a classical W3 symmetry on 
the worldsheet, it should correspond to a spin-three observable in the classical, holomorphic 
BRST-cohomology of the -B-gauged WZW model on SL{3) which generates a classical W3 

^Note that within the W3 OPE algebra, we have an OPE of the form r^^'(z) •r^](z'), which is equivalent, 
up to singular terms, to a sum of the fields Twaiz) and its partial derivatives only. These terms in the sum 
are certainly BRST-closed but non-exact. Thus, in order to be consistent with the OPE, it implies that 
TjJ^ (z) must also be BRST-closed and non-exact. 
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symmetry on the worldsheet. 

In order to ascertain the classical observable which corresponds to S{z), first recall that 
the quantum definition of S{z) at A; 7^ —3 is given by S{z) — {k + 3)T{z). Notice that since 
the stress tensor T{z) also exists in the holomorphic chiral algebra of the purely bosonic, t/^^- 
independent sector of the sigma-model on SL{3)/B, it will imply that T{z) must correspond 
to the stress tensor Ttota.i{z) of the S-gauged WZW model on SL{3). Thus, at A; 7^ —3, 
S{z) will correspond to Ttotail-^) — {k + 3)Ttotai(-2), and at A; = —3, S{z) will correspond to 
the classical counterpart TciassicaK-^^) of Tiotai{z)- Note that T'dassicaK-^^) lies in the classical, 
holomorphic BRST-cohomology of the S-gauged WZW model on SL{3) as required - at 
k — —3, Ttotaiiz), which usually exists as a quantum operator, will act by zero in its OPE's 
with any other operator, i.e., it will reduce to its classical counterpart TciassicaK-^) in the 
classical, holomorphic BRST-cohomology of the gauged WZW model. Moreover, since the 
shift in 3 in the factor (A;+3) is due to a quantum effect as explained earlier, S{z) will actually 
correspond to TdassicaK-^) = ^3Tciassicai(-2) at A; = —3. Hence, S{z) will indeed correspond to 
a spin-two field in the classical, holomorphic BRST-cohomology of the 5-gauged WZW on 
SL{3) which generates a classical Virasoro transformation of the fields. 

In order to ascertain the classical observable which corresponds to S^^\z), first recall 
that the quantum definition of S^^\z) at k ^ —3 is given by S^^\z) = {k + 3)T^^\z). Notice 
that since T^^\z) also exists as a spin-three analog of T(z) in the holomorphic chiral algebra 
of the purely bosonic, ■^/'-'-independent sector of the sigma-model on SL{3)/B, it will imply 
that T^^\z) must correspond to the spin-three operator Ttotai(-2) of the -B-gauged WZW 
model on SL{3). Thus, at A; 7^ —3, S^^\z) will correspond to TfJ^^i{z) = {k + 3)T^^^^-^^{z) , and 

(•3') 

at k = —3, S{z) will correspond to the classical counterpart T ^i^^^^^^i^z) ofT^^^^i{z). Note that 
(3) 

^classical (-2) ^i^s in the classical, holomorphic BRST-cohomology of the S-gauged WZW model 

(3) 

on SL{3) as required - at A; = —3, T^^^g^{z), which usually exists as a quantum operator, 
will act by zero in its OPE's with any other operator, i.e., it will reduce to its classical 
counterpart T^^g^^^g^Y{z) in the classical, holomorphic BRST-cohomology of the gauged WZW 
model. Moreover, since the shift in 3 in the factor (A; -|- 3) is due to a quantum effect as 
explained earlier, S''^\z) will actually correspond to T^aLsicaii^) — ~"^^ckisicai(-^) at A; = —3. 
Hence, S^^\z) will indeed correspond to a spin-three field in the classical, holomorphic BRST- 
cohomology of the S-gauged WZW on SL(3) which generates a classical W3 transformation 
of the fields. 

What is the classical algebra generated by the Laurent modes of TciassicaK-^)? To ascer- 
tain this, first recall that the Laurent modes of TtotaK-^) generate a Virasoro algebra of central 
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charge c = 50-24(fc' + 3) -24/(fc' + 3). Hence, the Virasoro modes of Ttotai(^) = En ^n^"""^ 
will obey the following quantum commutator relation 

LJ = (n - m)L„+^ + 1^ " 24(A;' + 3) - 24/(A;' + 3)] (n^ - n)5n,-^. (2.110) 



Therefore, the commutator relations involving the L„ modes of Ttotai(-2) = En " ^ will 
be given by 

[t, t^] = (A;+3) Vn - m)t^^^ + (n=^ - n)5n,-„. (^(A: + 3) - 24(fc + m' + 3) _ 2^^ 

(2.111) 

At A; = —3, Ttotai(-2) "will cease to have a quantum definition, and it will reduce to its classical 
counterpart TdassicaK-s)- Hence, the k —* —3 (and k' oo) limit of the commutator relation 
in (12.1111) . can be interpreted as its classical limit. Therefore, one can view the term {k + 3) in 
(12.1111) as the parameter ih, where ^ — is equivalent to the classical limit of the commutator 
relations. Since in a quantisation procedure, we go from {i^n) -^m}p._B. — ^ j^[Lni gioing 
in reverse would give us the classical Poisson bracket relation 

— — — 24 

{Ln, Lm}p.B. = {n- m)Ln+m " —{k + ?,){k' + 3)(n^ - n)6n-m, (2.112) 

where Tciassicai(-2) = En -^n-2~"~^- Siucc the Poisson bracket must be well-defined as ^ — 3 
and k' —>■ oo, it will mean that {k + 3){k' + 3) must be equal to a finite constant q in these 
limits. For different values of q, the Poisson algebra generated by the Laurent modes of 
^classical (^) 5 wiU bc a classical Virasoro algebra with different central charge. Note at this 
point that an equivalence - at the level of the holomorphic chiral algebra - between the ip^- 
independent sector of the twisted sigma-model on SL{3)/B and the -B-gauged WZW model 
on SL{3), will mean that the Laurent modes of TdassicaK^:) and S{z) ought to generate an 
isomorphic classical algebra. This in turn means that the L^'s must generate the same 
classical Virasoro algebra Sym'{vir _24) with central charge —24 that is generated by the 
Laurent modes of the purely bosonic sector of the sigma-model on SL{3)/B. Thus, we 
must have g = 1, or rather {k + 3) = l/{k' + 3). 

(3) 

What is the classical algebra generated by the Laurent modes of T'ciassicail-^)'^ To ascer- 
tain this, first recall that it was argued that the Laurent modes of T^^oLii^) ^totaK-z) will 
together generate a quantum Ws-algebra of central charge c = 50 — 24(A;' + 3) — 24/ {k' + 3). 
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Hence, the Laurent modes Ln^ of t'^11.^\{z) = ^^^^^^ " ^ ^'^'^ will obey the fol- 

lowing quantum commutator relations 



[L„,L(^)] = (2n-m)L|2^, 



;2.ii3) 



and 

rf(3) f(3)i 50 - 24(A;' + 3) - 24/(fc' + 3) . ^ ^ ^.^ 

+ (m-n) (^{m + n + 3){m + n + 2) - ^(m + 2)(n + 2) ) L„+„ 



+ 



16 



22 + 5[50 - 24(A;' + 3) - 24/(A;' + 3)] 
16 



(m — n) j L. 



m+n—pL/p 



M I — n) \ — (m + n + 3)(m + n + 2)Lm+n 
22 + 5[50 - 24(A;' + 3) -24/(fc' + 3)]y ' ^VlO^ ^ ; m+n 



(2.114) 



Therefore, from fl2.113p and (12.1141) . the commutator relations involving the L„ modes of 

_ ^ ^(3) _(3) ^(3) 

Ttotai(^) = Z)n -^n^;"""^ and the L„ modes of T^^^^y{z) = L„ z'"'-'^, will be given by 



- ^(3) ^(3) 

[Ln, L^] = {k + 3){2n - m)L„^^, 



[2.115) 



and 

^(3) ^(3) 



(fc + 3) 
+ {k + 3) 
+ {k + 3) 
-{k + 3) 



50(fe + 3)-24(A: + 3)(A:- + 3)-M^ " 
— m(m -l)(m - 4)5„, _„ 

(m-n) ( -^-(m + n + 3)(m + n + 2) - ^(m + 2)(n + 2) ) 1^+^ 
\15 6 J 

. 22{k + 3) + 5[50(A: + 3) + 3)(A:' + 3) - " f 



1^ — \ im — n) \ — (m + n + 3)(m + n + 2)Lm+n 

22 + 5[50 - 24(A;' + 3) -24/(A;' + 3)]y ^ ' \1Q^ ' ^ 



(2.116) 
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('3) 

At k = —3, T^^^^^i^) will cease to have a quantum definition, and it will reduce to its classical 

(3) 

counterpart T'ciassicail-^)- Hence, the k —3 (and k' oo) limit of the commutator relations 
in (12.1151) and (I2.116p . can be interpreted as their classical limits. Therefore, one can view 
the term (A; + 3) in (I2.115P and (12.1161) as the parameter ih, where h ^ is equivalent to the 
classical limit of the commutator relations. Since in a quantisation procedure, we go from 
{Dn, Dm}p.B. jfi[Dn,Dm] foT any classical observable D^, going in reverse would give us 
the classical Poisson bracket relations 



{Ln, l\^}p.B. 



{2n - m)Li+^, 



^2.117) 



and 



ry(3) y(3). 



+ 



+ 



-2A{k + 3){k' + 3) 
360 



m(m^ - l)(m^ - 4)5^ _„ 



{m- n) ( -^(m + n + 3)(m + n + 2) - \{m + 2)(?2 + 2) ) L^+n 
15 6 



-4 



30(A; + 3)(A;' + 3) 



^ (m - n) f ^ Lrn+n-pLp 



:2.118) 



where T'ciassicail-^^) — -2^"^^- Siucc the Poisson bracket in (12.1181) must be well-defined 

as —3 and k' oo, it will mean that {k + 3) (A;' + 3) must be equal to a finite 

constant q in these limits. For different values of q, the total Poisson algebra generated by 
the Laurent modes of Tciassicai(2) and T^?isicai(^) in dME]), fICTTI) and fICTSD . will be a 
classical VV3-algebra with different central charges. Note at this point that an equivalence 
- at the level of the holomorphic chiral algebra - between the ■^/'-'-independent sector of 
the twisted sigma-model on SL{3)/B and the -B-gauged WZW model on 5*^(3), will mean 
that the Laurent modes of iTciassicai{z),T^i^^^^^i{z)) and {S{z), S^^\z)) ought to generate an 
isomorphic classical algebra. This means that we must have g = 1, or rather {k + 3) = 
l/{k' + 3), so that the total Poisson algebra will be given by 



— — _ 24 

{Ln, Lm}p.B. = (n- m)Ln+m " —{ji^ " n)5n. 



(2.119) 



(3) 

n+m5 



^2.120) 
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and 



+ (m - n) {^{m + n + 3)(m + n + 2) - ^(m + 2)(n + 2) ) L™+„ 

— (m — n) I ^ Lm+n-pLp 



;2.121) 



the classical Ws-algebra with central charge —24 generated by the Laurent modes Sm and 
S^rn' in in (ICTD . (12:891) and flCTj) . Note also that this algebra coincides with >Voo(st3), the 
classical W-algebra associated to £[3 at level k' ^ 00 obtained via a DS reduction scheme [7]. 
Since the S'^'s and Sm^?> which correspond respectively to the L^'s and L^^^?> span 3(313), 
and since for g = sla = "^g, we have = ^fi' = 3, and = 1, where r"^ is the lacing number 
of g, we see that an equivalence - at the level of the holomorphic chiral algebra - between 
the '^/'-'-independent sector of the twisted sigma-model on SL{3)/B and the 5-gauged WZW 
model on SL{3), will imply an isomorphism of Poisson algebras 

3(s) = Woo(^s), (2.122) 

and the level relation 

Note at this point that the purely bosonic, ■^/'-'-independent sector of the twisted sigma- 
model on SL{3)/B, can be described, via (12.311) . by a bosonic string on SL{3)/B. On 
the other hand, note that since a bosonic string on a group manifold G can be described 
as a WZW model on G, it will mean that the 5-gauged WZW model on SL{3) can be 
interpreted as a i?-gauged bosonic string on SL{3). Thus, we see that an equivalence, at 
the level of the holomorphic chiral algebra, between a bosonic string on SL{3)/B and a 
-B-gauged version of itself on SL{3) - a statement which stems from the ubiquitous notion 
that one can always physically interpret a geometrical symmetry of the target space as a 
gauge symmetry in the worldsheet theory - will imply an isomorphism of classical W-algebras 
and a level relation which underlie a geometric Langlands correspondence for G = SL{3)\ 
Notice also that the correspondence between the k —3 and k' ^ 00 limits (within the 
context of the above Poisson algebras) is indeed consistent with the relation (12.1231) . These 
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limits define a "classical" geometric Langlands correspondence. A "quantum" generalisation 
of the correspondence for SL{3) can be defined for other values of k and k' that satisfy 
the relation fl2.123p . but with the isomorphism of (12.1221) replaced by an isomorphism of 
quantum W-algebras (derived from a DS-reduction scheme) associated to sl^ at levels k and 
k' respectively [6]. 

3. An Equivalence of Classical Holomorphic Chiral Algebras and the Geometric 
Langlands Correspondence for G = SL(N) 

We shall now proceed to show that our observations in §2 for G = SL(2) and SL{3) 
can be extended to any G = SL{N). 

To this end, we shall first discuss the twisted sigma-model on SL{N)/B, and elaborate 
on the higher-order Casimir invariant operators which generalise the Segal-Sugawara ten- 
sor S{z) to higher-spin analogs of itself that we will denote as S^^\z), S^'^\z), . . . , S^^\z). 
We shall show that S{z), S^^\z), S^^\z), . . . , S^^\z) have Laurent modes which generate 
the centre ^{51^) of the completed universal enveloping algebra of sIn at the critical level 
k = —hy, where a module of sl^ at = is always furnished by the global sections 
of the sheaf of CDO's on SL{N)/B corresponding to local operators in the quantum holo- 
morphic chiral algebra of the twisted sigma-model on SL{N)/B. We shall also show that 
S{z), S^^\z), S^^\z), . . . , S^^\z) exist only in the classical holomorphic chiral algebra of the 
purely bosonic sector of the twisted sigma-model on SL{N)/B, and that moreover, their 
Laurent modes which span ^{sIn) - an ingredient which furnishes the left-hand side of the 
W-algebra duality - will generate a classical WAr-algebra. 

Next, we shall show that the holomorphic BRST-cohomology of the 5-gauged WZW 
model on SL{N) at level k' introduced in §2.2 actually furnishes a physical realisation of 
the algebraic DS reduction scheme that defines the set of fields with spins 2, 3, ... whose 
Laurent modes generate VVfc'(s[Ar), the W-algebra associated to some affine Lie algebra sItv at 
level k'. Consequently, the classical, holomorphic BRST-cohomology of the 5-gauged WZW 
model on SL{N) will reproduce the holomorphic classical fields with spins 2, 3, . . . , A^ that 
have Laurent modes which generate the Poisson algebra }Voo{s\-n), the classical W-algebra 
from the DS-reduction scheme in the limit of fc' — oo - an ingredient which furnishes the 
right-hand side of the W-algebra duality. 

Finally, we shall show that that an equivalence, at the level of the holomorphic chiral 
algebra, between a bosonic string on SL{N)/B and a -B-gauged version of itself on SL{N) - 
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a statement which stems from the ubiquitous notion that one can always physically interpret 
a geometrical symmetry of the target space as a gauge symmetry in the worldsheet theory 
- will imply an isomorphism of classical W-algebras and a level relation which underlie a 
geometric Langlands correspondence for G = SL{N). 



3.1. The Twisted Sigma-Model on SL{N)/B and its Classical Holomorphic Chiral Algebra 

Now, let us take X = S L{N) / B , where B is the subgroup of upper triangular matrices 
of SL{3) with a nilpotent Lie algebra b. Note that one can cover X with A^! open charts Uw 
where w = 1,2, . . . , N\, such that each open chart f/^, can be identified with the affine space 
^NiN-i)/2^ Hence, the sheaf of CDO's in any can be described by N{N - l)/2 free 
systems with the action 

N{N-l)/2 

1= Yl ^/M'^IA^.-y. (3.1) 
i=i ^ 

As before, the /5j's and 7*'s are fields of dimension (1, 0) and (0, 0) respectively. They obey 
the standard free-field OPE's; there are no singularities in the operator products I3i{z) ■ Pi{z') 
and Y{z) ■ Y{z'), while 

P.{z)Yiz') (3.2) 

z — z 

Similarly, the sheaf of CDO's in a neighbouring intersecting chart f/^+i is described by 
A^(A^ — l)/2 free systems with action 



NiN-l)/2 

27r 

i=l 

where the and 7* fields obey the same OPE's as the Pi and 7* fields. In other words, the 
non-trivial OPE's are given by 

P.{z)f{z') ~ (3.4) 

In order to describe a globally-defined sheaf of CDO's, one will need to glue the free 
conformal field theories with actions (13. ip and (13.31) in the overlap region Uy^ fl U^+i for every 
w = 1,2, ... N\, where f/i+Ari = Ui. To do so, one must use the admissible automorphisms of 
the free conformal field theories defined in (]A.29P - (1A.30P to glue the free- fields together. In 



the case of X = SL{N)/B, the relation between the coordinates in f/^ and f/«,+i will mean 
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that the 7*'s in U^+i will be related to the 7*'s in Uw via the relation [7] = [V^«,+i]~^[Ku][7], 
where the [A^(A^ — l)/2] x [A^(A^ — l)/2] matrices and [Vw] are realisations of the Sn 

permutation subgroup of GL{N) associated to the open charts and Uw respectively, and 
[7] is a [A^(A^ — l)/2] X 1 column matrix with the 7*'s as entries. By substituting this relation 
between the 7*'s and 7*'s in f lA.29|) - (]A.30p . one will have the admissible automorphisms of 



the fields, which can then be used to glue together the local sheaves of CDO's in the overlap 
region Uw fl Uw+i for every w = 1,2, . . . , N\. These gluing relations for the free fields can be 
written as 

f = [KT+i ■ V^Y, 7^ (3.5) 
= (3kD^ + d,^^E,„ (3.6) 

wherei,j,A; = 1, 2, . . . , A^(A^-l)/2. Here, and E are [A^(A^-l)/2] x [A^(A^-l)/2] matrices, 
whereby [{D'^)~^]i'^ = 9i[K7+i ' 1^ [E]ij = diBj. It can be verified that (3 and 7 

obey the correct OPE's amongst themselves. Moreover, let R^, represent a transformation 
of the fields in going from Uw to U^+i- One can indeed verify that there is no anomaly 
to a global definition of a sheaf of CDO's on X = SL{N)/B - a careful computation will 
reveal that one will get the desired composition maps {Rn\ ■ ■ . -R4-R3-R2-R1) ■ l'' = 1'' and 
{Rm ■ ■ ■ -R4-R3-R2-R1) ■ A = Pi- Again, this is just a statement that one can always define a 
sheaf of CDO's on any flag manifold SL{N)/B [IT]. 

Global Sections of the Sheaf of CDO's on X = SL{N)/B 

Since X = SL{N)/B is of complex dimension A^(A^ — l)/2, the chiral algebra A will be 
given by ^ = ©g^I^^^^^"*^^ H^^[X, O"^) as a vector space. As before, it would suffice for our 
purpose to concentrate on just the purely bosonic sector of ^ - from our Q_^_-Cech. cohomology 
dictionary, this again translates to studying only the global sections in H^[X, O'^). 

According to theorem 5.13 of [TT], one can always find elements in H^{M, O"^) for any 
fiag manifold M = SL{N)/B, that will furnish a module of an affine SL{N) algebra at the 
critical level. This means that one can always find dimension one global sections of the sheaf 
O'^ that correspond to V^'-independent currents J"(z) for a = 1, 2, . . . dim sIn, that satisfy 
the OPE's of an affine SL{N) algebra at the critical level k = — /i^: 

Jaiz)Mz') ~ --^^ + Ul^y (3-7) 
[z — z'Y ^ yz — z') 

where hi' is the dual Coxeter number of the Lie algebra sX^, and d^h is its Cartan-Killing 
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metric Since these are global sections, it will be true that Ja{z) = Ja{z) on any 11^ fl U^+i 
for all a. Moreover, from our Q^-Cech cohomology dictionary, they will be (5+-closed chiral 
vertex operators that are holomorphic in z, which means that one can expand them in a 
Laurent series that allows an affinisation of the SL{N) algebra generated by their resulting 
zero modes. The space of these operators obeys all the physical axioms of a chiral algebra 
except for reparameterisation invariance on the z-plane or worldsheet S. We will substantiate 
this last statement next by showing that the holomorphic stress tensor fails to exist in the 
(5+-cohomology at the quantum level. Again, this observation will be important in our 
discussion of a geometric Langlands correspondence for G = SL{N). 

The Segal-Sugawara Tensor and the Classical Holomorphic Chiral Algebra 

Recall that for any affine algebra sl^ at level k ^ — /i^, one can construct the corre- 
sponding stress tensor out of the currents of sIn via a Segal-Sugawara construction [T6] : 

fc + /,v (3.8) 

As required, for every k 7^ —h^-, the modes of the Laurent expansion of T{z) will span a 
Virasoro algebra. In particular, T{z) will generate holomorphic reparametrisations of the 
coordinates on the worldsheet S. Notice that this definition of T{z) in fl3.8l) is ill-defined when 
k = —h^. Nevertheless, one can always associate T{z) with the Segal-Sugawara operator 
S{z) that is well-defined at any finite level, whereby 



S{z) = {k + h'')T{z), (3.9) 

and 

S{z) = ■ d'^'JaJbiz) :. (3.10) 

From (13. 9p . we see that S{z) generates, in its OPE's with other field operators, {k + /i^) 
times the transformations usually generated by the stress tensor T{z). Therefore, at the 

^°Note that one can consistently introduce appropriate fluxes to deform the level away from — /i^ - recall 
from our discussion in §A.7 that the Eij = diBj term in (|3.6p is related to the fluxes that correspond to the 
moduli of the chiral algebra, and since this term will determine the level k of the affine SL{N) algebra via 
the identification of the global sections Pi with the affine currents valued in the subalgebra of sIat associated 
to its positive roots, turning on the relevant fluxes will deform k away from —h^. Henceforth, whenever 
we consider k ^ —h^j we really mean turning on fluxes in this manner. This point of departure will be 
important in a forthcoming paper where we aim to investigate the physical interpretation of a "quantum" 
geometric Langlands correspondence in the context of CDO's. 
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level k = —hy^ S{z) generates no transformations at all - its OPE's with all other field 
operators are trivial. This is equivalent to saying that the holomorphic stress tensor does 
not exist at the quantum level, since S{z), which is the only well-defined operator at this 
level that could possibly generate the transformation of fields under an arbitrary holomorphic 
reparametrisation of the worldsheet coordinates on E, acts by zero in the OPE's. 

Despite the fact that S{z) will cease to exist in the spectrum of physical operators 
associated to the twisted sigma-model on X = SL{N)/B at the quantum level, it will never- 
theless exist as a field in its classical (5_^-cohomology or holomorphic chiral algebra. One can 
convince oneself that this is true as follows. Firstly, from our Q^-Cech cohomology dictio- 
nary, since the Ja{z)^s are in H'^{X, Ox), it will mean that they are in the Q_,_-cohomology 
of the sigma-model at the quantum level. Secondly, since quantum corrections can only 
annihilate cohomology classes and not create them, it will mean that the Ja(z)'s will be in 
the classical (5_,_-cohomology of the sigma-model, i.e., the currents are (5_,_-closed and are 
therefore invariant under the transformations generated by in the absence of quantum 
corrections. Hence, one can readily see that S{z) in fl3.10p will also be (5_,_-closed at the 
classical level. Lastly, recall from section 2.3 that [Q^, T{z)] = such that T{z) ^ ■ ■ ■ } 
in the absence of quantum corrections to the action of in the classical theory. Note also 
that the integer in the factor [k + W) of the expression S'(z) in (13. 9p . is due to a shift by 
in the level k because of quantum renormalisation effects [17j, i.e., the classical expression 
of Si^z) for a general level k can actually be written as S(^z) = kT{z), and therefore, one 
will have [Q^, —h'^T{z)] = [Q^, S{z)] = 0, where S{z) ^ {Q+, ■ ■ ■} in the classical theory. 
Therefore, S{z) will be a spin-two field in the classical holomorphic chiral algebra of the 
purely bosonic sector of the twisted sigma-model on X = SL{N)/B. This observation is 
also consistent with the fact that S{z) fails to correspond to a global section of the sheaf 
(9^ of CDO's - note that in our case, we actually have S{z) = —h^T{z) in the classical 
theory, and this will mean that under quantum corrections to the action of we will 
have = -K^ d,{Rfjd,(t)'ii^) ^ (since % ^ for any fiag manifold SL{N)/B), 

which corresponds in the Cech cohomology picture to the expression S{z) — S{z) ^ 0, i.e., 
S{z), the Cech cohomology counterpart to the S{z) operator, will fail to be in H^{X, Ox)- 
Consequently, one can always represent S{z) by a classical c-number. This point will be 
important when we discuss how one can define Hecke eigensheaves that will correspond to 
fiat ^G-bundles on a Riemann surface S in our physical interpretation of the geometric 
Langlands correspondence for G = SL{N). 

The fact that S{z) acts trivially in any OPE with other field operators implies that its 
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Laurent modes will commute with the Laurent modes of any of these other field operators; 
in particular, they will commute with the Laurent modes of the Ja{z) currents - in other 
words, the Laurent modes of S{z) will span the centre ^{sIn) of the completed universal 
enveloping algebra of the affine SL{N) algebra sl^ at the critical level k = —K^ (generated 
by the Laurent modes of the Ja{z) currents in the quantum chiral algebra of the twisted 
sigma-model on SL{N) / B). Notice also that S{z) is ^'"'-independent and is therefore purely 
bosonic in nature. In other words, the local field S{z) exists only in the classical holomorphic 
chiral algebra of the purely bosonic (or ■j/'-'-independent) sector of the twisted sigma-model 
on X = SL{N)/B. 

A Classical Virasoro Algebra 

Note that since S{z) is holomorphic in z and is of conformal dimension two, one can 
expand it in terms of a Laurent expansion as 

S{z) = Y,SnZ-''-^. (3.11) 

Recall that for the general case of A; 7^ — a quantum definition of S{z) exists, such that 
the Sn modes of the Laurent expansion can be related to the Ja,n modes of the sIn currents 
through the quantum commutator relations 

\Sni Ja,m\ — ~(^ + h^)'rnJa,n+mi (3.12) 
[Sn, Sm] = {k + K^) (^n - m)Sn+m + ^ ^im gljy ^^3 _ ^-^ Sn,-.n}j , (3.13) 

where a = 1,2, ... , dim sl^. If we now let k = —K^, we will have [Sn, Ja,m\ = [Sn, S„^ = - 
the Sm's thus generate the (classical) centre of the completed universal enveloping algebra 
of sIm as mentioned above. 

Since we now understand that S{z) must be a holomorphic classical field aX k = —h^, 
let us rewrite the Laurent expansion of S{z) as 

S{z) = Y,SnZ-''-^ (3.14) 

so as to differentiate the classical modes of expansion Sn from their quantum counterpart 
Sn in (13. 9p . Unlike the S'„'s which obey the quantum commutator relations in (13.131) for an 
arbitrary level k ^ —h"^, the S'„'s, being the modes of a Laurent expansion of a classical 
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field, will instead obey Poisson bracket relations that define a certain classical algebra when 
k = -W. 

Based on our arguments thus far, we learn that the quantum version of S{z) as expressed 
in fl3.9p . must reduce to its classical counterpart as expressed in (13.141) . when k = —hy. In 
other words, one can see that by taking {k + h^) — * 0, we are going to the classical limit. 
This is analogous to taking the /i — > limit in any quantum mechanical theory whenever 
one wants to ascertain its classical counterpart. In fact, by identifying {k + h^) with ih, 
and by noting that one must make the replacement from Possion brackets to commutators 
via {Sn, Sm} p.B. —>■ jfi[Sn, Sm] in quantising the S^s into operators, we can ascertain the 
classical algebra generated by the S'^'s from flS.lSp as 

{Sn, Sm}p.B. = {n- m)Sn+m " (^^^^^^) (^^3 _ Sn-m- (3.15) 

Since we have the classical relation S{z) ~ T{z), it means that we can interpret the Sn modes 
as the Virasoro modes of the Laurent expansion of the classical stress tensor field T{z). In 
other words, the S^s generate a classical Virasoro algebra with central charge — /;.^(dims[jv) 
as given by (13.151) . This is can be denoted mathematically as the Virasoro Poisson algebra 
S'|/m'(mr„?,v.dimsijv)- 

Higher-Spin Analogs of the Segal- Sugawara Tensor and the Classical Holomorphic Chiral 
Algebra 

For an affine SL{N) algebra where N > 2, one can generalise the Sugawara formalism 
to construct higher-spin analogs of the holomorphic stress tensor with the currents. These 
higher-spin analogs are called Casimir operators, and were first constructed in [25]. 

In the context of an affine SL{N) algebra with a module that is furnished by the global 
sections of the sheaf of CDO's on X = SL{N)/B, a spin-Sj analog of the holomorphic stress 
tensor will be given by the s/^-order Casimir operator [12] 



T^'^\z) = ^ ^ ' ^ , (3.16) 

where (^aia2a3...as. j^^-j jg ^ completely symmetric traceless stAr-invariant tensor of rank Si that 
depends on the level k of the affine SL{N) algebra. It is also well-defined and finite at A; = 
—h'^. The superscript on T^'^^\z) just denotes that it is a spin-Sj analog of T{z). Note that 
i = 1,2,..., rank(slAr) , and the spins Si can take the values l + Ci, where = 1, 2, . . . , — 1. 
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Thus, one can have rank(s[7v) of these Casimir operators, and the spin-2 Casimir operator 
is just the holomorphic stress tensor from the usual Sugawara construction. 

As withr(;z) in T^"') (z) is ill-defined when k = —hy. Nevertheless, one can always 
make reference to a spin-s, analog of the Segal- Sugawara tensor S^^^\z) that is well-defined 
for any finite value of fc, where its relation to T'^^'-\z) is given by 

S^'^\z) = {k + K')T^'^\z), (3.17) 

and 

S^'^\z) =: d^^^^^^'-'^^^mJa.Ja, ■ ■ ■ Ja.,){z) : . (3.18) 

That is, the operator S^^^\z) generates in its OPE's with all other operators of the quantum 
theory, {k + hy) times the field transformations typically generated by T'^^^\z). 

Notice however, that at A; = — /i^, S^^^\z) acts by zero in its OPE with any other oper- 
ator. This is equivalent to saying that T^^^\z) does not exist as a quantum operator at all, 
since the only well-defined operator S^^*\z) which is supposed to generate the field trans- 
formations associated to T^^^\z)^ act by zero and thus generate no field transformations at 
all. From our Q^-Cech cohomology dictionary, this means that the ^/'^-independent operator 
T^'^^\z) will fail to correspond to a dimension Si global section of (9^. Since we have, at the 
classical level, the relation S'^'^^\z) = —h'^T^^'\z), it will mean that S'--^'\z) will also fail to 
correspond to a dimension Sj global section of O'^. Thus, S^^^\z) will fail to be an operator 
at the quantum level. Is it even a spin-Sj field in the classical holomorphic chiral algebra 
of the twisted sigma-model on SL{N)/B, one might ask. The answer is yes. To see this, 
recall that each of the Jai^{z)^s are separately Q+-invariant and not Q_^_-exa.ct at the classical 
level. Therefore, the classical counterpart of S^'^^^z) in fl3.18p must also be such, which in 
turn means that it will be in the classical cohomology and hence classical chiral algebra 
of the twisted sigma-model on SL{N)/B. 

The fact that the S^^^\z)^s act trivially in any OPE with other field operators implies 
that their Laurent modes will commute with the Laurent modes of any other operator; 
in particular, they will commute with the Laurent modes of the currents Ja{z) for a = 
1,2, .. . ,dimsl7v - in other words, the Laurent modes of all rank(s[7v) of the S^'^^\z) fields 
will span fully the centre 3(sliv) of the completed universal enveloping algebra of 51^ at the 
critical level k = —h^ (which is in turn generated by the Laurent modes of the Ja{z) currents 
of the quantum chiral algebra of the twisted sigma-model on SL{N)/B). Last but not least, 
notice that the S^^^\z) fields are also ^/'-'-independent and are therefore purely bosonic in 
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nature. In other words, the local fields S^^^\z), for i = 1, 2, . . . rank(5[7v), whose Laurent 
modes will together generate ^(sliv), exist only in the classical holomorphic chiral algebra of 
the purely bosonic (or -independent) sector of the twisted sigma-model on X = SL{N)/B. 

A Classical Wn- algebra 

For an affine SL{N) algebra at an arbitrary level k ^ —h"^, as in the case of S{z) 
discussed earlier, a quantum definition of S^'^^\z) exists. In fact, consider the following op- 
erators given by S^"'\z) = ri'^'^^N) : (Ja^Ja^ ■ ■ ■ Ja^Jiz) : for i = 1, 2, . . . , rank(s[iv), 
where r]^'^^\N) is just a normalisation that depends on N, and c?«-i«-2-- as. jg j^g^ rank-s, 
extension of d"-^. It can be shown that the S^'^'\z)'s generate a closed Casimir OPE algebra 
which is isomorphic to a particular Wat OPE algebra [25]. This implies that for k ^ —h"^, 
every S^^''\z) and therefore every S^''^'\z) ~: d°'^°'^--°-''i{Ja^Ja2 ■ ■ ■ Jas.){z) '■, will exist as a 
quantum operator in some cohomology - the Q^_-cohomology in this instance. This will in 
turn mean that the set of S^^^\z) = {k + h^)T'^^^\z) operators must also span a closed OPE 
algebra that is equivalent - at the level of Q^-cohomology - to this Casimir OPE algebra, 
when k ^ —h}'. Since we know that for k ^ —h'^, T^'^\z) = T{z) will generate a Virasoro 
subalgebra of a closed Wat OPE algebra with central charge c = k dim(s[iv)/(A; -|- /i^), it 
will imply that the S^^^\z)^s will satisfy a rescaled (by a factor of {k + h'^)) version of a 
closed Wat OPE algebra at c = dim(s[Ar)/(fc + /i^) for k 7^ — /i^. Because each S^-''^\z) is 
holomorphic in z, we can Laurent expand it as 

S^''\z) = ^23^^^'""'- (3.19) 

At k ^ —hy, since S^'^\z) = S{z), the Laurent modes Sn ^ of S^'^''{z), will then generate the 
Virasoro algebra with the following quantum commutator relations given in fl3.13p : 

[5f , Sj^^] = ik + h-) ((n - m)S^:i^ + ^^^^ (^3 _ _ ^g ^g) 

Likewise, the Laurent modes of the other spin-Sj operators S^'^^^z) will generate (up to a 
factor of {k + h^) like in (13.201) ) the quantum commutator relations of a Wat algebra. Since 
we shall not need to refer explicitly to these relations in our following discussion, we shall 
omit them for brevity, as they tend to get very elaborate for N > A. 

Now let us consider the case when k = —hy. From our earlier explanations about the 
nature of the S^^^\z) operators, we find that they will cease to exist as quantum operators 
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at k = —h^. Since we understand that the S^^^\z)''s must be holomorphic classical fields at 
k = —h'^, we shall rewrite the Laurent expansion of S^^^\z) as 

S(''\z) = J2st^^~"~"\ (3.21) 

SO as to differentiate the classical modes of expansion Sn'^ from their quantum counterpart 
Sn in (13. 191) . Unlike the Sn s which obey the quantum commutator relations of a Wn- 
algebra for an arbitrary level k ^ —h^-, the Sn'^^^s, being the modes of a Laurent expansion 
of a classical field, will instead obey Poisson bracket relations that define a certain classical 
algebra aX k = —h^. Since every Sn"^^ must reduce to its classical counterpart Sn''^ at 
k = — /i^, one can see that by taking {k + h^) —>■ 0, we are actually going to the classical limit. 
This is analogous to taking the h ^ limit in any quantum mechanical theory whenever 
one wants to ascertain its classical counterpart. In fact, by identifying {k + /i^) with ih, and 
by noting that one must make the replacement from Possion brackets to commutators via 
{Et\El:'^}p,B. j^[Et\Et''^] in quantising any classical mode En'^ into an operator 

is ) (s ) 

Er' we can ascertain the classical algebra generated by the S'n s from the WAr-algebra 
commutator relations that they satisfy. Since the S^^^\z) fields all lie in the classical Q^- 
cohomology of the twisted sigma-model on SL(N) / B, it will mean that their Laurent modes 
Sn'^ will generate a closed, classical algebra as well^ In fact, they will generate a closed 
classical WAr-algebra. In order to ascertain the central charge of this classical Wiv-algebra, 
it suffices to determine the central charge of its classical Virasoro subalgebra generated by 
the Sm's. From (13.201) . we find that as A; ^ — the S'm^'s satisfy 

{^f , Sl^^}p.B. = (n - m)S^:i^ - ^^^^^^^ in' - n) 5„ (3.22) 

the classical Virasoro algebra with central charge c = —K^dim.{s[N)- Hence, the Sn'^^s will 
generate a classical WAr-algebra with central charge c = —h}^dim{sl]\f). Indeed for the case 

(2) 

of g = 5l2 as analysed in §2.2, the modes Sm was shown to generate a classical W2-algebra 
with central charge c = — /i^dim(s[2) = —6, where = 2 and dim(s[2) = 3. Likwise for the 
case of = sfs as analysed in §2.3, the modes 5*^ and Sm was shown to generate a classical 
Ws-algebra with central charge c = — /i^dim(sl2) = —24, where = 3 and dim(s[3) = 8. 



^^Note at this point that if O and C are non-exact, Q-closed observables in some Q-cohomology, i.e., 
{Q,0} = {Q,0'} = 0, then {Q,00'} = 0. Moreover, if {Q,0} = 0, then 0{Q,W} = {Q,OW} for any 
observable W. These two statements mean that the cohomology classes of observables that commute with 
Q form a closed and well-defined algebra. 
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Last but not least, recall that the Laurent modes of the 5*^*'^ (2;) fields for i = 1,2, . . . 
rank(slAr), will together generate ^{sIn), the centre of the completed universal enveloping 
algebra of the affine SL{N) algebra sIn at the critical level k = —h^. If we denote the 
classical WAr-algebra with central charge c = —hy d\m{slM) as WAr(— /i'^dim(s[Ar)), we will 
have an identification of Poisson algebras ^{sIn) — WAr(— /i^dim(s[Ar)). 



3.2. W -Algebras from an Algebraic Drinfeld-Sokolov Reduction Scheme 

We shall now review a purely algebraic approach to generating Wfc'(s[Ar), the W-algebra 
associated to the affine SL{N) algebra sl^ at level k'. This approach is known as the quantum 
Drinfeld-Sokolov (DS) reduction scheme [61 [27]. 

In general, the quantum DS-reduction scheme can be summarised as the following steps. 
Firstly, one starts with a triple (g, g',x)? where g' is an affine subalgebra of g at level k', 
and X is a 1-dimensional representation of g'. Next, one imposes the first class constraints 
9 ~ xio) ) ^9 ^ g') via a BRST procedure. The cohomology of the BRST operator Q on the 
set of normal-ordered expressions in currents, ghosts and their derivatives, is what is called 
the Hecke algebra HQ(g,g',x) of the triple (g,g',x)- For generic values of k', the Hecke 
algebra vanishes for i 7^ 0, and the existing zeroth cohomology ifQ(g, g', x), is just spanned 
by a set of local operators associated to the triple (g,g',x)) whose Laurent modes generate 
a closed W-algebra. We shall denote the W-algebra associated with this set of operators as 
y^Dsldid'^x]- Note that yVDs[s'^N,slj^,x\ is just Wfc'(s[Ar), the W-algebra associated to sIn 
at level k' whose quantum and classical limits we encountered in §2 for = 2, 3. Let us 
be more explicit about how one can go about defining W£)5'[g, g', x] and therefore Wfc'(s[Ar), 
now that we have sketched the general idea behind the DS-reduction scheme. 

In order for W^i^fg, g', x] to be a W-algebra, one has to suitably choose the triple 
(g,g',x)- A suitable triple can be obtained by considering a principal sl2 embedding in g. 
Let us now describe this embedding. Suppose we have an sl2 subalgebra {ts,t^,t-} of g. 
The adjoint representation of g decomposes into sl2 representations of spin jk , k = 1, . . . , s, 
for example. Then, one may write the g current .Ji^z) = Xla™^ J"'{z)ta as 

S jk 

Az) = Yl Yl "^''"W^fc.™ (3-23) 

k=l m=-jk 

where tk,m corresponds to the generator of spin jk and isospin m under the sl2 subalgebra. 
In particular, we have the correspondences ti^i = t+, ti^ = , and ti _i = The s[2 
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subalgebra t^, t+, t_ can be characterized by a "dual Weyl vector" , i.e., for a G A_|_, where 
A+ is the set of positive roots of g, we have (p^, a) = 1 if and only if a is a simple root of g. 
The sl2 root a is given hj a = p/ (p, p), and = p - c, where c is the Cartan sublagebra of g. 

Take g' to be the affine Lie subalgebra n+ generated by all J'^'™(z),m > 0. Denoting 
the currents corresponding to positive roots a by J°'{z), and choosing ti i = J2i ^"S o^i^ can 
then impose the condition (which realises the required first-class constraint g ~ x{9)) 

XDsiJ^iz)) = 1 (for simple roots x(J"(2;)) = (otherwise). (3.24) 

Next, we introduce pairs of ghost fields {b°'{z), Ca{z)), one for every positive root a G A+. 
By definition, they obey the OPE ha{z)cfi{z') ~ 5ap/{z — z'\ where the a,/? (and 7) indices 
run over the basis of n+. The BRST operator that is consistent with f l3.24p will then be 
given by Q = <5o + <5i, where 

Qo = ^ [j\z)c^{z) - \ff{h^c^c,){z)\^ (3.25) 
is the standard differential associated to n+, /"^ are the structure constants of n+, and 

Qr = -j^^XDs{r{z))c^{z). (3.26) 

They satisfy 

Q' = Qo = Q? = {Qo,Qi} = 0. (3.27) 

The resulting Q-cohomology is just the Hecke algebra /fQ(g, g', x), which is spanned by a set 
of local operators whose Laurent modes generate WDS'[g, g',x] = VVfc'(g). Note that (13.271) 
implies that one can compute the Hecke algebra via a spectral sequence of a double complex 
with differentials being Qq and Qx accordingly - this strategy has indeed been employed 
in [28] to compute explicitly the generators of the W2 = Wfc'(s[2) and W3 = Wfc'(s[3) OPE 
algebras with central charges c = 13-6(A;' + 2) -6/(A;' + 2) and c = 50-24(A;' + 3) -24/(A;' + 3) 
respectively. We shall have more to say about these W-algebras shortly. 

The variation of the various fields under the action of Q can also be computed using 
the OPE's of the affine algebra g, the OPE's of the ghost fields, and the explicit forms of Qo 
and Q\ in (13.251) and (13.261) above, and they are given by 

bc^{z) = (c^c,)(z), (3.28) 

5b^iz) = r{z) - XDsiJ'^iz)) - ffiWcp)iz). (3.29) 
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Note also that WDsld^d', x] ^-nd thus Wk'^o), will at least contain the Virasoro algebra. 
The explicit form of the stress tensor whose Laurent modes will generate the Virasoro algebra 
is (after omitting the normal-ordering symbol) 



j-j / \ dime 



^ ' c=l aGA+ 

(3.30) 

where the J'^(z)'s are just the affine currents that are valued in the Cartan subalgebra c 
of the Lie algebra q. Note that with respect to Tj:,s{z), the conformal dimensions of the 
pair {b°'{z), Ca{z)) will be given by (1 — (p^, a), (p^, a)). The central charge of this Virasoro 
subalgebra and therefore that of Wk'(g), will be given by 

c = - l2k'\p-\^ - 2 (6(p\ af - 6(pv, a) + l) . (3.31) 



3.3. The B-Gauged WZW Model on SL{N) and the Algebraic Drinfeld-Sokolov Reduction 
Scheme 

The Wa,.'(s[2) Algebra from the DS-Reduction Scheme 

Note that from ([331]), for g = sts, where dim(s[2) = 3, /i^ = 2, p^ = p, jp^p = 1/2, 
and {p^ ,ol) = 1, we find that the central charge of the resulting algebra Wk'{sl2) generated 
by the Laurent modes of the local operators that span the Q-cohomology, will be given by 
c = 3k' /{k' + 2) - 6A;' - 2 = 13 - Q{k' + 2) - Q/{k' + 2). This is exactly the W-algebra that 
the Laurent modes of the TtotaK^) operator which span the holomorphic BRST-cohomology 
of the 5-gauged WZW model on SL{2), generate. 

In addition, for q = sl2, we have from (l3.3Up . the stress tensor 

Tds{z) = TsLi2) + dj\z) + (9,6i)(ci)(z), (3.32) 

where the conformal dimensions of (&^,Ci) are (0, 1) respectively. Thus, we see that T]^s{z) 
is exactly TtQta\{z) of the _B-gauged WZW model on SL{2), and that moreover, the ghost 
fields (6^, Ci) of the DS-reduction scheme have the same conformal dimensions as the (6^, c^) 
ghost fields of the WZW model. 

The field variations fl3.28p - fl3.29l) can in this case be written, (after noting that n+ G s[2 
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is abelian and hence has vanishing structure constants), as 



5ci{z) = 0, 

5h\z) = j\z)~XDs{J\z)). 



(3.33) 
(3.34) 



These variations coincide exactly with the holomorphic BRST-variations in fl2.52p of the 
S-gauged WZW model on SL{2) after one makes an identification between the arbitrary 
constant Ml_ and —XDsiJ^i^)) = Moreover, the BRST-charge Q = Qo + Qi which 
generates the variations in fl3.33l) - fl3.34l) will be given by 



Notice that Q also coincides with Qbrst of fl2.53p - the holomorphic BRST-charge of the 
5-gauged WZW model on ^L(2). 

In summary, we find that the holomorphic BRST-cohomology of the S-gauged WZW 
model on SL{2), furnishes a physical reahsation of the purely algebraic DS-reduction scheme 
of generating the Hecke algebra associated to Wk'{si2)- The classical limit of Wk'{si2) - given 
by Wooish) - is indeed the classical W-algebra generated by the Laurent modes of the field 
7" classical (-z) in the classical, holomorphic BRST-cohomology of the 5-gauged WZW model 
on SL{2). 

The Wk'isl^) Algebra from the DS-Reduction Scheme 

Likewise, note that from (13.311) . for q = sis, where dim(s[2) = S, h"^ = 3, = p, 
Ip'^P = 2, {p^,ai) = 1, (p^,a2) = 1, and {p^,a3) = 2, we find that the central charge 
of the resulting algebra Wk'{sl3) generated by the Laurent modes of local operators in the 
Q-cohomology, will be given by c = 8k' /{k' + 3) - 24:k' - 30 = 50 - 24:{k' + 3) - 24/(A;' + 3). 
This is exactly the W-algebra that the Laurent modes of the Ttotai(-2) and T^^oLii^) operators 
in the holomorphic BRST-cohomology of the i?-gauged WZW model on SL{3), generate. 

In addition, for q = sis, we have from (I3.30p . the stress tensor 



Td5(^) =T5L(3)+-9,J1(^)+9,J^(^) + (9,61)(C1)(^) + (9,62)(C2)(^)+2(9,63)(C3)(^) + (6=^)(9,C3)(Z), 



where the conformal dimensions of (6^,ci), (6^,02) and (^^,03) are (0,1), (0,1) and (—1,2), 
respectively. Thus, we see that Tds{z) is exactly Ttota.\{z) of the -B-gauged WZW model on 
SL{3), and that moreover, the ghost fields (6^,ci), (^^,02) and (6^,03) of the DS-reduction 




(3.35) 



(3.36) 
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scheme have the same conformal dimensions as the {b^, cl), (6^, c^) and {b^'^, c^^) ghost fields 
of the WZW model. 

The field variations fl3.28p - fl3.29p in this case can be written as 

Scaiz) = -^/„^^(c^c,)(z), (3.37) 
6b-{z) = r{z) - XDs{r{z)) - ff{V^cp){z), (3.38) 

where 7 = 1,2,3. Notice that these variations coincide exactly with the holomorphic 
BRST- variations in f l2.100p of the -B-gauged WZW model on S'L(3) after one makes an 
identification between the arbitrary constants M° and —XosiJ'^iz))- Moreover, the BRST- 
charge Q = + Qi which generates the variations in f l3.37p -f l338l) will be given by 

^=f^ E ((^"W-XD5(J"(^)))c.(z)-^/,"^(6^c.c,)(z)y (3.39) 

Notice that Q also coincides with Qbrst of fl2.106p - the holomorphic BRST-charge of the 
5-gauged WZW model on ^L(3). 

In summary, we find that the holomorphic BRST-cohomology of the -B-gauged WZW 
model on S'L(3), furnishes a physical realisation of the purely algebraic DS-reduction scheme 
of generating the Hecke algebra associated to W/fc'(s[3). The classical limit of Wk^si'i) - given 
by Woo (sis) - is indeed the classical W-algebra generated by the Laurent modes of the fields 
7" classical (-2) and T'dassicail-^^) ^^Le classical, holomorphic BRST-cohomology of the -B-gauged 
WZW model on 5L(3). 

The B-Gauged WZW Model on SL{N) and the Wfc'(s[^) Algebra 

As one might have already guessed, the above observations about the physical realisation 
of the algebraic DS-reduction scheme via the holomorphic BRST-cohomology of a -B-gauged 
WZW model on SL{N), is actually valid for all A^, not just = 2, 3. Let us substantiate this 
statement now with a discussion of the BRST-quantisation of the -B-gauged WZW model 
on SL{N), which, for the cases of SL{2) and SL{3), we have already described explicitly in 
§2. 

Recall from fl2.43p in §2.2 that the action of the -B-gauged WZW model on SL{N) takes 
the form 

5B-gauged(^/, A,, A„ J+, J+) = ^wz(^7) - ^ I d\ Tr[A,( J+(;2) + M+) - A,{J+{z) + M+) 

-A,gA,g-' + A,A,]. (3.40) 
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As explained in §2.2, with respect to the Cartan decomposition sl^ = n_ © c 

write j{z) = ElT" J-i^)ta + Ea=iJci^)tl + EtT JU^)tt, m = EtT J-i-^)ta + 

EtT J^i-^K + ElT JUm, = EtT" and a, = EtT" ^Itt, where t" G n_, 
G c, and t+ G n+. One can also write M = EtT ^-C + EIT ^c^a + EIT ^^^^ 
where M^.^ are arbitrary number constants, and one can also write M = EaT" MH' + 
^dimc ^a^c _|_ E^™"^ ^+^a ) whcrc M^.^ are arbitrary number constants. Then, one can 
write flXlUj) as 

dimn+ 

55L(7V)(^7, A., A., J+) = 5wz(<7) E + ^4) - ^iiJ+i^) + Mi) 

-i:i[A,gA,g-^ - A,A,] (3.41) 

Due to the -B-gauge invariance of the theory, we must divide the measure in any path 
integral computation by the volume of the -B-gauge symmetry. That is, the partition function 
has to take the form 

^ = / r'^^^^-4i,d4] ^.SsLW^g. A„ A„ J\ J+)) . (3.42) 
(gauge volume) ' 

One must now fix this gauge invariance to eliminate the non-unique degrees of freedom. 
One can do this by employing the BRST formalism which requires the introduction of 
Faddev-Popov ghost fields. In order to obtain the holomorphic BRST transformations of 
the fields, one simply replaces the infinitesimal position-dependent parameters oih = B = 
^^P(~ Ei!lT"^ ^''^m) i'^ the corresponding left-sector of the gauge transformations in (12.341) 
with the ghost fields c\ which then gives us 

&rst(^) = -chig, 5brst(4) = -D-^c^ (5brst (others) = 0. (3.43) 

The components of the ghost field c{z) = Ylf=i"^ (^\^)'^t and those of its anti-ghost partner 



h{z) = Ylf=i"^ ^\^)'^t transform 



as 



5brst(c^) = -^/Lc"^c^ 5brst(&') = B\ 5bkst{&) = 0, (3.44) 

where the /^^'s are the structure constants of the nilpotent subalgebra n^.. Also, the -B''s 
are the Nakanishi-Lautrup auxiliary fields that are the BRST transforms of the 6''s. They 
also serve as Lagrange multipliers to impose the gauge-fixing conditions. 
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In order to obtain the antiholomorphic BRST transformations of the fields, one employs 
the same recipe to the corresponding right- sector of the gauge transformations in fl2.34p with 
the infinitesimal position-dependent gauge parameter now replaced by the ghost field c', 
which then gives us 

5brst(^) = ch+g, 6BRST{Ai) = -D,c\ 5brst (others) = 0. (3.45) 

The components of the ghost field c{z) = Ylf=r^ ^\^)'^t ^"^^ those of its anti-ghost partner 
h{z) = Ylf=i"^ ^\^)'^t transform as 

W(c') = -^/ifcC™c^ W(&') = W(50=O. (3.46) 

In the above, the -B^'s are the Nakanishi-Lautrup auxiliary fields that are the antiholomorphic 
BRST transforms of the a fields. They also serve as Lagrange multipliers to impose the 
gauge-fixing conditions. 

Since the BRST transformations in fl3.43l) and fl3.45p are just infinitesimal versions of 
the gauge transformations in fl2.34p . SsL(N){g, ^z, ^z, J'^ , J^) will be invariant under them. 
As in the SL{2) and S'L(3) cases, in addition to (5brst + (^brst) ■ ((^brst + ^brst) = 0, 
the holomorphic and antiholomorphic BRST- variations are also separately nilpotent, i.e., 
<^BRST = and 5brst = 0- Moreover, (5brst ■ 5brst = -^brst ■ ^brst- This means that 
the BRST-cohomology of the 5-gauged WZW model on SL{N) can be decomposed into 
independent holomorphic and antiholomorphic sectors that are just complex conjugate of 
each other, and that it can be computed via a spectral sequence, whereby the first two 
complexes will be furnished by its holomorphic and antiholomorphic BRST-cohomologies 
respectively. Since we will only be interested in the holomorphic chiral algebra of the B- 
gauged WZW model on SL{N) (which as mentioned, is just identical to its antiholomorphic 
chiral algebra by a complex conjugation), we shall henceforth focus on the holomorphic 
BRST-cohomology of the 5-gauged WZW model on SL{N). 

By the usual recipe of the BRST formalism, one can fix the gauge by adding to the 
BRST-invariant action SsLiN){g, ^z, ^z, J~^, J~^), a BRST-exact term. Since the BRST trans- 
formation by (5brst + (^brst) is nilpotent, the new total action will still be BRST-invariant 
as required. The choice of the BRST-exact operator will then define the gauge-fixing condi- 
tions. A consistent choice of the BRST-exact operator that will give us the requisite action 
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for the ghost and anti-ghost fields is 



SsL(N){g, A, ^z, J^, J^) + (^BRST + ^BRSTy 



where one will indeed have the desired total action, which can be written as 

dimn+ _ _ ^ 

^ 1=1 

dimn+ 



(3.47) 



From the equations of motion by varying the B s, we have the conditions A^ = for 
/ = l,...,dimn+. From the equations of motion by varying the i?''s, we also have the 
conditions = for / = 1, . . . , dimn+. Thus, the partition function of the -B-gauged WZW 
model can also be expressed as 

ZsL(N) = j [g'^dg, db, dc, db, dc] exp (^iS^zwig) j ^^^^ ' + '^^(^ ' 

(3.48) 

where the holomorphic BRST variations of the fields which leave the effective action in (I3.48P 
invariant are now given by 

'5brst(^?) = -c'^tig, (5brst(cO = -i/i,c-c^ 5brst(&0 = J\_ + - fUb'^c^ 
5BRST(others) = 0. (3.49) 

The holomorphic BRST-charge generating the field variations in (13.491) will be given by 

^ dimn+ dimn4 



Qbrst = / ^ E c\z){f^{z) + MI)-\Y^ fUb 
\ 1=1 1=1 



^^c^c^iz) 1 . (3.50) 



The free-field action of the left-moving ghost fields in (I3.48P implies that we have the usual 
OPE's of (dimn+) free be systems. From these free be OPE's, one can verify that Qbrst in 
(13.501) will indeed generate the field variations in (13.491) . 

Again, though we did not make this obvious in our discussion above, by integrating 
out the A^'s in (I3.4ip . and using the above conditions Af, = for / = l,...,dimn+, we 
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find that we actually have the relations + iVf^) = for / = 1, . . . ,dimn+. These 

relations (involving the current associated to the Borel subalgebra b of the group B that 
we are modding out by) will lead us directly to the correct form of the holomorphic stress 
tensor for the gauged WZW model without reference to a coset formalism. 

Note that as in the SL{2) and 5*^(3) cases of §2, physically consistent with the holo- 
morphic chiral algebra of the purely bosonic sector of the twisted sigma-model on SL{N) / B, 
there are currents J"'{z) in the holomorphic BRST-cohomology of the non-dynamically B- 
gauged WZW model on SL{N), where a = 1, 2, ... , dimslTv, that generate an affine SL{N) 
OPE algebra at level k'. As such, one can construct a holomorphic stress tensor using the 
Sugawara formalism as 

TsL^N){z) = ^ ^ ■ (3.51) 

However, as shown above, one will have the conditions J\_ = — for / = 1,2,..., dimn+. 
In order that the conformal dimensions of the J^'s be compatible with these conditions, one 
must define a modified holomorphic stress tensor: 

Tmodified(^) = TsL{N)iz) + I ■ dJc{z), (3.52) 

where Jc{z) is an {N — l)-dimensional vector with components being the currents as- 
sociated to the Cartan subalgebra c, and / is a sum of simple, positive roots of sljy. In 
order for the above conditions on the J^'s be compatible with the fact that Qbrst gener- 
ating the holomorphic variations 5brst(&') of (13.491) must be a scalar of dimension zero, the 
(dimu+)-set of left-moving ghost systems (6', c') must have conformal dimensions (1 — h, h) 
for / = 1, 2, . . . , dimu+, where h is the conformal dimension of the corresponding current 
under Tinodifiod(-2)- With all these points in mind, and by including the holomorphic stress 
tensor contribution from the action of the left-moving ghost fields, we can write the total 
holomorphic stress tensor of the 5-gauged WZW model on SL{N) as 

Ttotai(^) = - "^"'^^71^^^ +X;g.J,"(^)+^((p\0-l)&'g.c'(^) + (p\/)(g,&V)(;.), (3.53) 

a=l lei\+ 

where A+ is the set of positive roots of sljy, and is the "dual Weyl vector" of sIn- Notice 
that Ttotai(2;) is just Tds{z) in (I3.30p for g = sIn- Moreover, the central charge of Ttota\{z) 
will be given by 

c = N^-l- N{N^ - 1) +k' + N^ - {N^ - 2N^ + N), (3.54) 
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which can be rewritten as 



^^1^ - l2kV? - 2 E (6(p\ 0^ - 6(pv, /) + 1) , (3.55) 



since = N for sIat, and (A^^ — 1) = dim(s[Ar). This coincides with the central charge of 
Tds{z) in ([331]) for g = sIn- 

Note also that for any with /i 7^ 0, the corresponding constant must be set to 
zero for consistency. This means that we can identify with —Xds{J+{z))- Hence, we 
can write the holomorphic BRST-variations in (I3.49p as 

W(^7) = -c^t^g, W(cO = -^/lc-c^ <5brst(&0 = 4 " XDs{Ji) - /l&™c^ 

(3.56) 

which just coincides with the BRST-variations of the DS-reduction scheme in (I3.28l) - p.29l) 
for g = sijsf. Last but not least, the holomorphic BRST-charge which generates these field 
transformations can also be written as 



/ /dimn+ dimn+ \ 

^ E ^'(^) (^U^) - XDsiAm fLb-'c^c'iz) . (3.57) 

\ 1=1 1=1 J 



This just coincides with the sum of Qq and Qi in (13.251) and (13.261) . i.e., it coincides with Q 
of the DS-reduction scheme for q = sljv- 

In summary, we find that the holomorphic BRST-cohomology of the -B-gauged WZW 
model on SL{N), will indeed furnish a physical realisation of the purely algebraic DS- 
reduction scheme of generating the Hecke algebra that is spanned by local operators whose 
Laurent modes generate a Wk'islN) algebra with central charge (13.311) . Consequently, the 
classical limit of >Vfc/(s[7v), i.e., WodslN), will be given by the Poisson W-algebra generated 
by the Laurent modes of the classical counterparts of the local operators which lie in the 
classical, holomorphic BRST-cohomology of the -B-gauged WZW model on SL{N). We 
shall discuss this set of classical fields next, and their role in an isomorphism of classical 
W-algebras and a level relation that underlie a geometric Langlands correspondence for any 
G = SL{N). 

3.4- An Equivalence of Classical Holomorphic Chiral Algebras and a Geometric Langlands 
Correspondence for Any SL{N) 

Via a straightforward extension of our arguments in §2 on the SL{2) and SL{3) cases 
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to all SL{N), we find that the equivalence - at the level of the holomorphic chiral alge- 
bra - between the purely bosonic sector of the twisted sigma-model on SL(N)/B and the 
S-gauged WZW model on SL{N), will imply an isomorphism between the closed classical 
algebra generated by the Laurent modes of the S^^^\z) fields in the classical, holomorphic 
chiral algebra of the ■0'' -independent sector of the twisted sigma-model on SL{N)/B, and the 
closed classical algebra generated by the Laurent modes of the corresponding T'ciassicai('^) — 
—h^ ■^d^''sicai(-^) fields in the classical, holomorphic BRST-cohomology of the S-gauged WZW 
model on SL{N). Here, the 7'cilssicai(-^) — Z^n -^n' -z"""*' fields are just the classical counter- 
parts of the T^otiiC-^) — {k + h^) T^^^iliiz) operators that exist in the quantum, holomorphic 
BRST-cohomology of the gauged WZW model sX k ^ —W , whereby the Laurent modes of 
the T^^ll^[z) operators will generate the >Vfe'(s[Ar)-algebra discussed above. 

Recall from our earher discussion that the Laurent modes of the S^^ {z) fields will gen- 
erate a classical WAr-algebra that contains a Virasoro subalgebra given by 

{S^\ S^:^^P.B. = (n - m)S^l^ - ^l^J^^ (^3 _ (3 58) 

This classical Virasoro subalgebra has central charge c = — /i^dim(s[Ar). Hence, the Laurent 
modes Sn'^ of the S^'^^^z) fields will generate a classical WAr-algebra with central charge 
c = — /i^dim(sljv), which, we had denoted earlier as VVAr(— /i^dim(s[Ar)). 

On the other hand, the Laurent modes of the T ^]l^^^^gT^{z) fields will generate a classical 
Vyoo(slAr)-algebra, which, consistent with the equivalence of the holomorphic chiral algebras 
of the '^■'-independent sector of the twisted sigma-model on SL{N)/B and the S-gauged 
WZW model on SL{N), is also a classical WAr-algebra. Likewise, the central charge of this 
classical Woo-algebra will be given by the central charge of its classical Virasoro subalgebra. 
Its classical Virasoro subalgebra is given by 

{Ln , }p.B. = (n - m)L„+^ + (n^ - n)5n,-m, (3.59) 

where 

c{k, k') = {k + K") (^N'-l- N{N' - 1) ( (^7^ + + ^')) - - 2^^' + ^)) ' 

(3.60) 

and L^j^^ = —K^ ■ Ln^ corresponds to Sn \ while Ln^ is a Virasoro mode of the classical 
counterpart T'ciassicai('^) -^totai(^)- Therefore, the central charge of the Woo (-sljv) -algebra 
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generated by the Laurent modes of the ^ciassicail-^) fields will be given by c{k,k') where 
k —h^ and k' oo. 

An isomorphism between the classical W-algebras generated by the Sn^^^s and the 
L^' 's necessarily implies an isomorphism between the classical subalgebras generated by 
the Sn s and 's in fl3.58p and (13.591) respectively. This in turn means that we must have 
the relation 

c{k, k')k^-h^^k'^oo = -/i^dim sIn- (3.61) 

In the examples studied in §2 where = 2, 3, we saw that the above relation would hold if 
and only {k + h^){k' + K^) = 1. One can quickly verify that this would also be the case for any 
N: notice that the surviving term in c(A;, /c')fe^_/jV fc/^oo is just —N{N'^ — l){k + h'^){k' + h'^), 
and since N = and (A^^ — 1) = dim(5[jv), we will have c(fc, k')k^_h'^ ^y^oo = — /i^dim(slAr) 
if and only if {k + hy){k' + K^) = 1, whence the classical >VAr(— /i^dim(s[7v))-algebra will be 
isomorphic to the >Voo(5tAr)-algebra with central charge c{k, k')k^_h'^ ^k'^oo = —h'^dim{sl]\f). 
Since WN{—h^dim{siN)) — 3{sIn), and since for g = sIat = ^g, = , and = 1, we 
thus see that an equivalence - at the level of the holomorphic chiral algebra - between the 
"^-^ -independent sector of the twisted sigma-model on SL{N)/B and the 5-gauged WZW 
model on SL[N), would imply an isomorphism of Poisson algebras 

3(0)->Voo('^0), (3.62) 

and the level relation 

Note at this point that the purely bosonic, ^/^-'-independent sector of the twisted sigma-model 
on SL{N)/B, can be described, via (12.311) . by a bosonic string on SL{N)/B. On the other 
hand, note that since a bosonic string on a group manifold G can be described as a WZW 
model on G, it will mean that the B-gauged WZW model on SL{N) can be interpreted 
as a 5-gauged bosonic string on SL{N). Thus, we see that an equivalence, at the level 
of the holomorphic chiral algebra, between a bosonic string on SL{N)/B and a 5-gauged 
version of itself on SL{N) - a statement which stems from the ubiquitous notion that one can 
always physically interpret a geometrical symmetry of the target space as a gauge symmetry 
in the worldsheet theory - will imply an isomorphism of classical W-algebras and a level 
relation that underlie a geometric Langlands correspondence for G = SL{N)\ Note that 
the correspondence between the k ^ —h^ and k' oo limits (within the context of the 
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above Poisson algebras) is indeed consistent with the relation (13.631) . These limits define a 
"classical" geometric Langlands correspondence. A "quantum" generalisation of the SL{N) 
correspondence can be defined for other values of k and k' that satisfy the relation fl3.63p . 
but with the isomorphism of (13.621) replaced by an isomorphism of quantum W-algebras 
(derived from a DS-reduction scheme) associated to sl^ at levels k and k' respectively [6]. 

4. About the Hecke Eigensheaves and Hecke Operators 

We shall now demonstrate, via the isomorphism of classical W-algebras discussed in §3, 
how one can derive a correspondence between fiat holomorphic ^G-bundles on the worldsheet 
E and Hecke eigensheaves on the moduli space Buug of holomorphic G-bundles on S, where 
G = SL{N). In the process, we will be able to physically interpret the Hecke eigensheaves 
and Hecke operators of the geometric Langlands program for G = SL{N), in terms of the 
correlation functions of purely bosonic local operators in the holomorphic chiral algebra of 
the twisted (0,2) sigma-model on the complex fiag manifold SL{N)/B. 

4.1. Hecke Eigensheaves on BunsL{N) an^d Flat ^ SL[N) -Bundles on E 

Local Primary Field Operators 

As we will explain shortly, the correlation functions of local primary field operators can 
be associated to the sought-after Hecke eigensheaves. As such, let us begin by describing 
these operators in the twisted (0, 2) sigma-model on a complex fiag manifold X = SL{N)/B. 
By definition, the holomorphic primary field operators ^g{z) of any theory with an affine 
SL{N) OPE algebra obey [2S] 

J"(.)$,^(/)~-J]^^a)i£^M, (4.1) 

s 

where is a matrix in the A representation of sIn, r, s = 1, . . . , dim|A|, and a = 1, . . . , dim(s[Ar). 

Since the $^(z)'s obey OPE relations with the quantum operators J"'{z), it will mean 
that they, like the J°'{z)'s, must exist as quantum bosonic operators of the sigma-model on X. 
And moreover, since (14. ip and the affine SL{N) OPE algebra at the critical level generated 
by the J°'{z)'s in the Q^-cohomology of the quantum sigma-model together form a closed 
OPE algebra, it will mean that the $^(z)'s are also local operators in the Q_,_-cohomology 
of the sigma-model on X at the quantum level. From our Q^-Cech cohomology dictionary. 
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this means that the $^(z)'s will correspond to classes in H^{X, O'^), i.e., the global sections 
of the sheaf O"^ of CDO's on X. Note that this observation is also consistent with (14. ip - 
one can generate other global sections of the sheaf O'^ from the OPE's of existing global 
sections. (Recall that we did this to generate the Jsiz) current from the OPE of the J-{z) 
and J+{z) currents of the affine SL{2) OPE algebra when we studied the sigma- model on 
SL{2)/B in §2). 

The fact that these operators can be described by global sections of the sheaf of CDO's 
on X means that they reside within the purely bosonic sector of the holomorphic chiral 
algebra of the underlying sigma-model on X. As we shall see, this observation will serve as 
a platform for a physical interpretation of the Hecke eigensheaves. 

Space of Coinvariants 

Associated to the correlation functions of the above-described local primary field opera- 
tors, is the concept of a space of coinvariants, which, in its interpretation as a sheaf over the 
moduli space of holomorphic G-bundles on S that we will clarify below, is directly related 
to the Hecke eigensheaves that we are looking for. Hence, let us now turn our attention to 
describing this space of coinvariants. 

Notice that if the twisted sigma-model were to be conformal, i.e., {Q^,Tzz} = even 
after quantum corrections, we would have a CFT operator-state isomorphism, such that any 
primary field operator ^s{z) would correspond to a state |$^) in the highest- weight repre- 
sentation of = sIat. However, since the twisted sigma-model on a complex flag manifold 
SL{N)/B lacks a holomorphic stress tensor and is thus non-conformal, a ^g{z) operator will 
not have a one-to-one correspondence with a state |$^). Rather, the states just furnish a 
module of the chiral algebra spanned by the operators themselves. 

Nevertheless, in the axiomatic CFT framework of a theory with an affine algebra g, 
the operator-state isomorphism is an axiom that is defined at the outset, and therefore, any 
primary field operator will be axiomatically associated to a state in the highest-weight repre- 
sentation of g. Bearing this in mind, now consider a general correlation function of n primary 
field operators such as ($^^(zi) . . . $^"(;z„)). Note that it can be viewed, in the axiomatic 
CFT sense, as a map from a tensor product of n highest-weight representations of sIn to a 
complex number. Next, consider a variation of the correlation function under a global SL{N)- 
transformation, i.e., 5^ ($^1(21) . . . $^"(2;„)) = ^^.dz^^uj"- ( J" (2;)$^! (2:1) . . . $^"(2;„)), where 
u"" is a position-independent scalar transformation parameter, and where C is a contour that 
encircles all the points zi,. . . ,Zn on S. Since all the J"(z)'s are dimension-one conserved 
currents in the Q_,_-cohomology of the twisted sigma-model on SL{N)/B, they will generate 
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a symmetry of the theory. In other words, we will have . . . = 0, which 

is simply a statement of the global S'L(A^)-invariance of any theory with an affine SL{N) 
algebra. This last statement, together with the one preceding it, means that a general cor- 
relation function of n primary field operators ($^^(2:1) . . . will define a "conformal 
block" in the axiomatic CFT sense [6]. Proceeding from this mathematical definition of a 
"conformal block", the collection of operators ^^^{zi) . . will define a vector $ in 
the dual space of coinvariants Hsi^{^^^{zi) . . . whereby the "conformal block" or 
correlation function <^$^i(zi) . . . can be computed as the square |$p of length of $ 
with respect to a hermitian inner product on Hg[j^{^^^{zi) . . |6J. All correlation 
functions of primary field operators can be computed once this inner product is determined. 

Sheaf of Coinvariants on BunsL(N) 

As mentioned above, what will be directly related to the Hecke eigensheaves is the sheaf 
of coinvariants on the moduli space Bunc of holomorphic G-bundles on the worldsheet S. 
Let us now describe how this sheaf of coinvariants arises. However, before we proceed, let us 
first explain how holomorphic G-bundles on S can be consistently defined in the presence of 
an affine G-algebra in the sigma-model on X = SL{N)/B, where G = SL{N) in our case. 

Recall that for the sigma-model on X = SL{N)/B, we have the OPE 

Ja{z)Jb{w) ~ + > fab 7 T, 4.2 

[z — W)'^ ^ [z — w) 

where dab is the Cartan-Killing metric of sIn- Note also that since the above dimension- 
one current operators are holomorphic in S, they can be expanded in a Laurent expansion 
around the point w on S as 

Ja{z) = j2J:(^)(^-^r"^'- (4-3) 

n 

Consequently, from the above OPE, we will have the commuator relation 

[J^iw), J^iw)] = ^ - (Ndab) n (5„+^,o, (4.4) 

c 

such that the Lie algebra Q = sIn generated by the zero- modes of the currents will be given 

by 

[J»,J'bi^)] = Y.f^>'''JcH- (4.5) 
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One can then exponentiate the above generators that span sl^ to define an element of G = 
SL{N), and since these generators depend on the point w in E, it will mean that one can, via 
this exponential map, consistently define a non-trivial principal G-bundle on S. Moreover, 
this bundle will be holomorphic as the underlying generators only vary holomorphically in 
w on the worldsheet S. 

Let us label the above- described holomorphic S'L(A^) -bundle on E as V. Then, the space 
Hgi^{^g^{zi) . . . ^g"{zn)) of coinvariants will vary non-trivially under infinitesimal deforma- 
tions of V. As such, one can define a sheaf on coinvariants over the space of all holomorphic 
5'L(A^)-bundles on S, i.e., Bun5i(^). Let us justify this statement next. 

Firstly, note that with our description of V via the affine S'L(A^)-algebra of the sigma- 
model on X, there is a mathematical theorem [7] which states that BnnsL{N) is locally 
uniformized by the affine S'L(A^)-algebra. What this means is that the tangent space 
T-pBuiasL{N) to the point in Bun5j;^(jv) which corresponds to an S'L(A^)-bundle on S la- 
belled by V, will be isomorphic to the space if^(S,EndP) [7]. Moreover, deformations of 
V, which correspond to displacements from this point in Bun5'i(Ar), are generated by an 
element ri{z) = J"'ria{z) of the loop algebra of sItv, where ria{z) is a position- dependent 
scalar deformation parameter (see §17.1 of [7J and §7.3 of [6J). With this in mind, let us 
again consider the n-point correlation function (^^^^{zi) . . . By inserting ri{z) into 

this correlation function, and computing the contour integral around the points Zi, . . . ,Zn, 
we have 5^ ($^1(2:1) . . . $^(z„))) = {f^dz J2aVa{z)J''{z)(l>^^{zi)...(l>^"{z„)), where C is a 
contour which encircles the points Zi, . . . ,Zn on S, and 5^ (^^^^{zi) . . . ^^"{zn)) will be the 
variation of . . . under an infinitesimal deformation of V generated by ri{z) 

(see eqn. (7.9) of [6J and also [30]). Note that this variation does not vanish, since ria{z), 
unlike u earlier, is a position-dependent parameter of a local S'L(A^)-transformation. There- 
fore, as explained above, since the correlation function ($^^(zi) . . . $g"(2;„)) is associated to 
$ in the dual space of coinvariants ifg(j^(<l'g^(zi) . . . ^■^"{zn)), one can see that $ must vary 
in i7s[j^($^i(2;i) . . . $^"(2;„)) as one moves infinitesimally along a path in BunsL(N)- Since 
$ is just a vector in some basis of Hsij^{^^^{zi) . . . $^"(2;„)), one could instead interpret $ 
to be fixed, while H^[^{^^^{zi) . . . $^"(2;„)) varies as one moves infinitesimally along a path 
in Bun5'i(jv), as V is subjected to infinitesimal deformations. Consequently, we have an in- 
terpretation of a sheaf of coinvariants on Bun5/^(7v), where the fibre of this sheaf over each 
point in BuiasL(N) is just the space if^i^ ($^1(2:1) . . . $^"(2;„)) of coinvariants corresponding to 
a particular bundle V that one can consistently define over S using the affine S'L(A^)-algebra 
of the sigma-model on X = SL[N)/B. Note howeover, that since we are dealing with an 
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affine SL{N) algebra at the critical level k = —h^, the dimension of the space of coinvariants 
will be different over different points in BunsLiN)- In other words, the sheaf of coinvariants 
on BuiasL{N) does not have a structure of a vector bundle, since the fibre space of a vector 
bundle must have a fixed dimension over different points on the base. Put abstractly, this 
is because slTv-modules at the critical level may only be exponentiated to a subgroup of the 
Kac- Moody group SL{N). Nevertheless, the sheaf of coinvariants is a twisted P-module on 
BunsLiN) [6]. 

From the above discussion, one can also make the following physical observation. Notice 
that the variation 5^ . . . <|)^"(2;„))) = (f^dz T.aVaiz)J''{z)^^^{zi)...^^"{zn)) in 

the correlation function as one moves along BunsL{N), can be interpreted, at the lowest 
order in sigma-model perturation theory, as a variation in the correlation function due to a 
marginal deformation of the sigma-model action by the term ^ dz ri{z). Since a deformation 
of the action by the dimensionless term ^ dz ri{z) is tantamount to a displacement in the 
moduli space of the sigma-model itself, it will mean that 5^ ($^1(2:1) . . . is also the 

change in the correlation function as one varies the moduli of the sigma-model. This implies 
that Bun5j;^(7v) will at least span a subspace of the entire moduli space of the sigma-model on 
X = SL{N)/B. This should come as no surprise since V is actually associated to the affine 
S'L(A^)-algebra of the sigma-model on X = SL{N)/B as explained above, and moreover, 
the affine SL{N)- algebra does depend on the moduli of the sigma-model as mentioned in 
§2 and §3. 

Last but not least, note that the sheaf of coinvariants can also be obtained purely 
mathematically [6| via a localisation functor A, which maps the set V^. — consisting of 
all polynomials F{J{z)) (which exist in the chiral algebra of the twisted sigma-model on 
SL{N)/B) that are defined over the field of complex numbers and the c-number opera- 
tors S^^^\z), and that are of arbitrary positive degree in the quantum operator J^{z) = 
\-n^-i)! • d""^^'^ J"-^ (z) . . .d~"'"'~^J"-"'{z) : — to the corresponding sheaf A{V^) of 
coinvaraints on Bun5j;,(iv), where x denotes a parameterisation of Vy. that depends on the 
choice of the set of S'''^^\z) fields for i = 1, . . . , rank(s[Ar). In other words, the sheaf of 
coinvariants will be parameterised by xo This observation is pivotal in the mathematical 
description of the correspondence between Hecke eignesheaves on Bun5L(iv) and flat holo- 
morphic ^S'L(A^)-bundles on S via the algebraic CFT approach to the geometric Langlands 
program [B]. As we will explain below, this parameterisation of the sheaf of coinvariants on 



^^Note that in order to be consistent with the notation used in the mathematical hterature, we have chosen 
to use the symbol x to label the parameterisation of V^. Hopefully, x that appears here and henceforth will 
not be confused with the one-dimensional representation x of g' in §3. 
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Bun5L(Ar) by the set of S'*'(z) fields can be sliown to arise physically in the sigma-model as 
well. 

A i{s{j^)- Dependent Realisation of the Affine SL{N) Algebra at the Critical Level 

Before one can understand how, within the context of the sigma-model on X = SL{N)/B, 
the sheaf of coinvariants can be parameterised by a choice of the set of S''^'{z) fields for 
i = 1, . . . , rank(s[7v), it will be necessary for us to understand how one can achieve a }{siN)- 
dependent realisation of the affine SL{N) OPE algebra dX k = —h^ spanned by the set of 
J"'{z) currents that correspond to classes in H^{X, Ox)-> where X = SL{N)/B. 

To this end, let us start with the case of the affine SL{2) OPE algebra at level k = —2, 
spanned by the currents { J+, J_, J3} in the holomorphic chiral algebra of the twisted sigma- 
model on X = SL{2)/B, that correspond to classes in H^{X,0'^). Recall that the set 
{ J+, J_, J3} can be expressed in terms of the fields of the free P'j system associated to the 
sheaf Of of CDO's on X = SL{2)/B in (Q, dMD and fl2:T0|l respectively. As explained, 
these are classes in H^{X, Ox), i-e., if the set { J+, J_, J3} were to be defined on the North 
pole of X = SL{2)/ B ~ P^, while the set {J+, J_, J3} were to defined their corresponding 
counterparts on the South pole of X = SL{2)/ B = P\ one will have — =0, J- — J- =0 
and J3 — J3 = 0. 

Let us now modify the expressions of { J+, J_, J3} as follows: 



where c{z) is a classical c-number field that is holomorphic in z and of conformal dimension 
one, i.e., it has a Laurent expansion given by c{z) = Ylin&^nZ~'^~^ ■ Since c{z) is a classical 
field, it will not participate as an interacting quantum field in any of the OPE's amongst 
the quantum operators { J^, Ji, J3}. Rather, it will just act as a simple multiplication on 
the "^{z) and (3{z) fields, or functions thereof. Moreover, this means that c{z)^ like S{z), 
must also be trivial in the Q_,_-cohomology of the twisted sigma-model on SL{2)/B at the 
quantum level, i.e., it can be expressed as a Q^-exact term . . . } in the quantum theory. 
Now, recall that we had the (non quantum-corrected) geometrical gluing relation 7 = I/7, 
where 7 and 7 are defined on the North and South poles of X = SL{2)/B ~ respectively. 
This expression means that 7 defines a global section of the sheaf Of. From our Q_^-Cech 
CO homology dictionary, this will mean that 7(z) must correspond to an operator in the 



J'+iz) = - : j\z)P{z) : +2dMz) + ^l{z)c{z) 
J',{z) = - : 7(^)/?(z) : +]^c{z), 



(4.6) 
(4.7) 



(4.8) 
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twisted sigma- model on X that is annihilated by the quantum action of Q_^_. This, together 
with the fact that c{z) can be expressed as {Q^, ■ ■ ■}, will mean that the term ^'y{z)c{z) 
in J'^{z) of (14. 6 p above, can be written as a (5_|_-exact term {Q+j • • • }• Likewise, the term 
^c{z) in J^{z) of (14.81) can also be written as a Q_,_-exact term {Q_^_,...}. Consequently, 

2 

since = even at the quantum level, {J+, Ji, J3} continues to be a set of quantum 
operators that are Q_,_-closed and non-(5_|_-exact, which therefore correspond to classes in 
H^{X,Ox)- Since the OPE's of Q_^_-exact terms such as ^'y{z)c{z) and |c(z) with the 
other Q^-closed terms {—7^/3 + 2dzj,l3,—'yj3} that correspond respectively to the set of 
original operators { J+, J_, J3} must again result in Q^-exact terms that are trivial in Q^- 
cohomology, they can be discarded in the OPE's involving the set of operators { J^, Ji, J3}, 
i.e., despite being expressed differently from the set of original operators {J+, J_, J3}, the 
set of operators { J^, J'_, J3} will persist to generate an affine SL{2) OPE algebra at the 
critical level k = —2. In other words, via the set of modified operators { J'_, J^} and their 
corresponding Laurent modes, we have a different realisation of the affine SL{2) algebra at 
the critical level k = —2. 

Obviously, from (I4.6l) - (l4.8p . we see that the above realisation depends on the choice 
of c{z). What determines c{z) then? To answer this, let us first recall that the Segal- 
Sugawara tensor S'{z) in the context of the modified operators { J^, J'_, J3}, can be expressed 
as S'{z) =: {J'^JL + J'i'){z) : in the quantum theory. However, recall also that the original 
Segal-Sugawara tensor given by S{z) =: {J+J- + JDi.^) '■ ^-cts by zero in the quantum 
theory. This means that the non- vanishing contributions to S'{z) come only from terms that 
involve the c{z) field. A simple computation will show that S\z) = \c{zY — \dzc{z). As 
required, S'{z) is a classical holomorphic field of dimension- two. Clearly, a unique choice 
of S'{z) will determine a unique c{z). In summary, we can generate different realisations 
of the affine SL{2) OPE algebra at level k = —h^ via the set of operators Ji, J3}, 
that are parameterised by the choice of the corresponding Segal-Sugawara tensor S'{z) in 
the classical holomorphic chiral algebra of the purely bosonic sector of the twisted (0, 2) 
sigma-model on X = SL{2)/B. Since the Laurent modes of S'{z) span the centre 3(312) of 
the completed universal enveloping algebra of si2 at the critical level k = —2, we effectively 
have a 3(sl2)-dependent realisation of the affine SL{2) (OPE) algebra at the critical level. 

The above arguments can actually be extended to any SL{N), not just SL{2), i.e., 
for a twisted sigma-model on X = SL{N)/B, one can always find different realisations of 
an affine SL{N) OPE algebra at the critical level k = —h^ that are spanned by the local 
operators in the holomorphic chiral algebra of the sigma-model which correspond to classes 
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in H^{X,df), that are 3(s[^)-dependent. We 
[3T] to demonstrate this. Firstly, consider the 
N{N - l)/2 (i.e. dimcX) free Pi{z) and Y{z) 
associated to the sheaf of CDO's on X: 



shall now import some important results in 
set of local operators composed out of the 
fields of the N{N — l)/2 linear /?7 systems 



JUz) 



(4.9) 
(4.10) 
(4.11) 



where the subscripts {±, c} denote a Cartan decomposition of the Lie algebra sIn under 
which the J{z) local operators can be classified (as in §2), the superscript denotes the free 
field that can be identified with the i^^ positive root of sl^ where i = 1, . . . , A^(A^ — l)/2, 
is an element of the Cartan subalgebra of sIn where A; = 1, . . . , — 1, ^{h^) is the fc*^ 
component of the root ip, the symbol A+ denotes the set of positive roots of sIat, the q's are 
complex constants, and lastly, P^, are some polynomials in the 7" free fields. 

Theorem 4.3 of [31] tells us that the Laurent modes of the above set of local operators 
{ J^' Jc} generate an affine SL{N) algebra at the critical level k = — /i^, i.e., the set {J!^, J^} 
will span an affine SL{N) OPE algebra at the critical level k = —h^ . In fact, for the case 
of SL{2), we have the identification <-> J_|_ and J3, where { J+, J_, J3} is the set 

of local currents in the holomorphic chiral algebra of the twisted sigma-model on SL{2)/B 
in fl2.7p . fl2.8p and (12.101) which generates an affine SL{2) OPE algebra at the critical level 
k = —2. The fact that the currents { J^, J^} are composed purely out of free /3j and 7* fields, 
and the fact that there will always be classes in H^{X, O^) which correspond to operators 
that generate an affine SL{N) OPE algebra [llj, will together mean that the set of currents 
{Jj-, Jc } must correspond (up to (5+-exact terms at worst) to classes in H^{X, Ox), i-e., the 
global sections of the sheaf (9^ of CDO's on X = SL{N)/B. Equivalently, this means that 
the set of local current operators {J^, J^} will be Q^-closed and hence lie in the holomorphic 
chiral algebra of the twisted sigma-model on X = SL{N)/B. 

Proceeding as we did for the SL{2) case discussed above, let us now consider a modifi- 
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cation { J^, J^'} of the set of currents { J^, Jc where 

f\z) = (3-^{z) + J2 ■■ P^(7"W)/5n^) (4.12) 

Jci^) = - E ^(^') ■ : +b\z), (4.13) 

Ji(z) = Yl ■■ QU^"{z))f3nz) : +c,d.r'{z) + b\z)r'{z), (4.14) 

and the 6*(2)'s are just classical c-number functions that are holomorphic in z and of con- 
formal dimension one - it can be Laurent expanded as b\z) = Xlnez ^n-^""^^'^ Since the 
6*(;z)'s are classical fields, they will not participate as interacting quantum fields in any of 
the OPE's amongst the quantum operators { J+, J!!, J|'}. Rather, they will just act as a 
simple multiplication on the 7"*(z) and /3"'(z) fields, or functions thereof. Moreover, this 
means that the b'^{z)^s, must be trivial in the Q^-cohomology of the twisted sigma- model 
on SL{N)/B at the quantum level, i.e., it can be expressed as a Q^-exact term {Q^, . . . } 
in the quantum theory. Now, recall that we had the (non quantum-corrected) geometrical 
gluing relation 7"' = (7"* (7"), where each 7"' and 5'"'(7") is defined in the open set Ui and 
U2 respectively of the intersection Ui fl U2 in X. This expression means that the 7"''s define 
global sections of the sheaf O'^. From our Q^-Cech. cohomology dictionary, this will mean 
that each 7"' (2;) must correspond to an operator in the twisted sigma-model on X that is 
annihilated by at the quantum level. This, together with the fact that 6*(2;)'s can be 
expressed as {Q^, • • • }, will mean that the 6*(z)7"'(z) term in J^(z) of (14.141) above, can 
be written as a Q_^_-exact term . . . }. Likewise, the b^{z) term in J^'iz) of ( I4.13P can 
also be written as a (5+-exact term {Qj^, . . . }. Consequently, since q\ = even at the 
quantum level, {J^, J^l, J3'} continues to be a set of quantum operators that are Q^-closed 
and non-Q_,_-exact, which therefore correspond to classes in H'^(X,0'^). Since the OPE's 
of (5+-exact terms such as {z)'y°'' (z) and b'^{z) with the other Q^-closed terms such as 

(E^eA+ ■■ Q'^ir)(3'' : +c^^.r^), (r^ + E^eA+ ■ P!p{rW O, and (- E^,A+ Vih'^) ■ 7'^/^^ 
that correspond respectively to the set of original operators J^, J!_, and J^, must again 
result in Q_^-exact terms that are trivial in Q^-cohomology, they can be discarded in the 
OPE's involving the set of operators {J^, J!!, J3}, i.e., despite being expressed differently 



^■^Note that the expHcit expression of b{z) cannot be arbitrary. It has to be chosen appropriately to ensure 
that the Segal-Sugawara tensor and its higher spin analogs given by the 5("')(z)'s, can be identified with 
the space of ^slAr-opers on the formal disc D in E as necessitated by the isomorphism ^{sIn) — yVooi^slN) 
from the duality of classical W-algebras for G = SL{N). For example, the expression of b{z) as ^c(z) in the 
G = SL{2) case ensures that S'{z) — \c^{z) — ^d^ciz) can be identified with a projective connection on D 
for each choice of c(z). 
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from the set of original operators {J]_, J^_, Jj^}, the set of operators {J^, J!!, J*'} will persist 
to generate an affine SL{N) OPE algebra at the critical level k = —h^. In other words, via 
the set of modified operators J^ '} and their corresponding Laurent modes, we have a 
different realisation of the affine SL{N) algebra at the critical level k = —K^. This is con- 
sistent with Theorem 4.7 of [3lj, which states that the set J^'} of modified operators 
will persist to generate an affine SL{N) OPE algebra at the critical level k = —K^. 

Obviously, from f l4.12p - P:.14l) . we see that the above realisation depends on the choice of 
the 6*(z)'s. What determines the 6*(2)'s then? To answer this, let us first recall that the Segal- 
Sugawara tensor S'^'^'^' {z) and its higher spin analogs S'^^^^' {z) in the context of the modified 
operators {J+, J!!, J^'} G {J"'}, can be expressed as S^""'^' {z) = tiaiaa-.a,. : J^'^ J"^ . . . J"-'h(^z) : 
in the quantum theory. However, recall also that the original Segal-Sugawara tensor and 
its higher spin analogs, expressed as S^'^^^z) = da^a2...as^ '■ J""^ J'^'^ ■ ■ ■ J""i{z) : in terms of the 
original operators {J]_, J^_, J^} G {J"}, act by zero in the quantum theory. This means that 
the non- vanishing contributions to any of the S^^^\z)^s come only from terms that involve 
the additional b^{z) fields. In fact, it is true that the S'^'''^'(z)'s also act by zero in the 
quantum theory at = — /i^, since they are also defined via a Sugawara-type construction 
which results in their quantum definition being S^'^^^' (z) = {k + K^)T^^^^' {z). In other words, 
the 5'*^^''''(z)'s must be classical c-number fields of spin Si that are holomorphic in z. This 
implies that the S'*^^')'(2;)'s will be expressed solely in terms of the c-number lf{z) fields. An 
explicit example of this general statement has already been discussed earlier in the case 
of SL(2) - for the SL(2) case, we have the identification ^ J^, J!! J'_ J^' ^ J3, 
^ S'{z), b\z) ^ lc{z) and S^^y {z) = \c\z) - ld,c{z), whereby the choice of 
S^'^y (z) determines c{z). Consequently, a choice of the set of S^^^^ (z) fields will determine 
the 6* (2;) fields. Lastly, note that the S^'^^^ (z) fields lie in the classical holomorphic chiral 
algebra of the purely bosonic sector of the twisted sigma-model on X = SL{N)/B, and their 
Laurent modes span the centre }{sIn) of the completed universal enveloping algebra of sItv 
at the critical level k = —h)'. Hence, we effectively have a 3(3 [at) -dependent realisation of 
the affine SL{N) (OPE) algebra at the critical level as claimed. 

A i{s{n)- Dependent Parameterisation of the Sheaf of Coinvariants on BunsL{N) 

Now that we have seen how one can obtain a 3(s[Ar)-dependent realisation of the affine 
SL{N) (OPE) algebra at the critical level, we can proceed to explain how, within the con- 
text of the sigma-model on X = SL{N)/B, the sheaf of coinvariants on BunsL{N) can be 
parameterised by a choice of the fields S'^^i^z) for i = 1, . . . , rank(sl7v)- 

To this end, notice that since the primary field operators ^s{z) are defined via the OPE's 
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with the J°'{z) currents of the sl^ algebra at the critical level in (14.11) . a different realisation 
of the J°'{z) currents will also result in a different realisation of the $^(2)'s. Consequently, we 
will have a 3(3 [a?) -dependent realisation of the primary field operators $^(-2). This amounts 
to a 3(s[Ar)-dependent reahsation of their n-point correlation functions ($^1(2:1) . . . <l>^"(z„)). 
Since the correlation functions can be associated to a (vector in the) space of coinvariants 
as explained earlier, one will consequently have a 3(s[7v)-dependent realisation of the sheaf 
of coinvariants on BunsL{N) as well, i.e., the sheaf of coinvariants will be parameterised by 
a choice of the fields S^'-^z) for z = 1, . . . , rank(s[Ar). 

A Correspondence Between Hecke Eigensheaves on BunsL{N) ond Flat ^ SL{N) -Bundles on 
S 

Finally, we shall now demonstrate that the above observation about a 3(s[Ar)-dependent 
realisation of the sheaf of coinvariants on Bunsi(Ar), and the duality of classical W-algebras 
for G = SL{N) as an isomorphism of Poisson algebras ^{sIn) — Woo(^slAr), will result in 
a correspondence between Hecke eigensheaves on BunsLiN) and flat holomorphic ^SL{N)- 
bundles on the worldsheet E. 

Firstly, note that the classsical W-algebra yVooi^slj\f) is isomorphic to Fun OpL^i^{D^), 
the algebra of functions on the space of ^slAr-opers on the punctured disc in S, where an 
stAT-oper on E is an n^^ order differential operator acting from to (where 

Q is the canonical line bundle on S) whose principal symbol is equal to 1 and subprincipal 
symbol is equal to [6]. Roughly speaking, it may be viewed as a (flat) connection on an 
■^S'L(A^)-bundle on S. In turn. Fun OpL^i^{D^) is related to the algebra Fun OpL^[^(D) 
of functions on the space of ^slAr-opers on the formal disc D in S, via Fun OpL^i^i^D^) ~ 
U{FvLn OpLgi^{D)), where U is a functor from the category of vertex algebras to the category 
of Poisson algebras [31]. Since from the duality of classical W-algebras for G = SL{N), we 
have an isomorphism of Poisson algebras ^{sIn) — Woo('^s[Ar), it will mean that the 5'*^'*'^(z)'s 
will correspond to the components of the (numeric) ^slAr-oper on the formal disc D in S [5]. 
Hence, a choice of the set of S^'^^\z) flelds will amount to picking up an ^slTv-oper on D. 
Since any ^g-oper on D can be extended to a regular ^g-oper that is deflned globally on S, 
it will mean that a choice of the set of S^'^^\z) flelds will determine a unique ^S'L(A^)-bundle 
on S (that admits a structure of an oper x) with a holomorphic connection. 

Secondly, recall that we have a 3(s[Ar)-dependent realisation of the sheaf of coinvariants 
on Bun5'i(7v) which depends on the choice of the flelds S'^^{z) for i = 1, . . . , rank(s[Ar). Hence, 
from the discussion in the previous paragraph, we see that we have a correspondence between 
a flat holomorphic ^S'L(A^)-bundle on S and a sheaf of coinvariants on BnnsL{N)- 
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Lastly, recall that A(V^) and therefore the sheaf of of coinvariants on Bun5i(jv) has a 
structure of a twisted P-module on BunsL{N)- The sought-after Hecke eigensheaf [6] is an 
untwisted holonomic P-module ^(V^) K^^^'^ on Bun5j;,(7v) with eigenvalue E^, where K is 
the canonical line bundle on BurLsL{N), and is the unique ^S'L(A^)-bundle corresponding 
to a particular choice of the set of S^^^\z) fields. In total, since tensoring with a globally- 
defined K on Buns'i(Ar) just maps, in a one-to-one fashion, A(y^) to A(K^) ^K^^/^, we find 
that we have a one-to-one correspondence between a Hecke eigensheaf on BunsL{N) and a 
fiat holomorphic ■^S'L(A^)-bundle on S, where ^SL{N) = PSL[N), i.e., we have a geometric 
Langlands correspondence for G = SL{N)\!^ 

Physical Interpretation of the Hecke Eigensheaves on BunsL{N) 

From all of our above results, we see that one can physically interpret the Hecke eigen- 
sheaf as follows. A local section of the fibre of the Hecke eigensheaf over a point p in 
'BvjisL{N)) "will determine, for some holomorphic S'L(A^)-bundle on S that corresponds to 
the point p in the moduli space BvMsLiN) of all holomorphic S'L(A^)-bundles on S, the value 
of any n-point correlation function (<l>^^(zi) . . . of local bosonic operators in the 

holomorphic chiral algebra of the twisted (0,2) sigma-model on SL{N)/B. And the geo- 
metric Langlands correspondence for our case of G = SL{N) just tells us that for every 
fiat, holomorphic P S L{N) -bundle that can be constructed over S, we have a unique way of 
characterising how an n-point correlation function of local bosonic primary operators in the 
holomorphic chiral algebra of a quasi-topological sigma-model with no boundaries like the 
twisted (0,2) sigma-model on SL{N)/B, will vary under the local S'L(A^)-transformations 
generated by the affine J"'{z) currents on the worldsheet described earlier. 

4-2. Hecke Operators and the Correlation Functions of Local Operators 

Consider the quantum operator J'(z) = ^_^_^_-^y^ : d^""^^^ J""^ (z) . . . 9~"™~^J"™(2;) :. 

Note that since the J"(z)'s are Q_,_-closed and in the Q_j.-cohomology or holomorphic chiral 
algebra of the sigma-model on SL{N)/B, so will J^{z) or polynomials F{J'{z)) of arbitrary 

^''Note that the above-mentioned flat holomorphic ^S'L(A^)-bundles on E are restricted to those that have 
a structure of an ^g-oper on S. The space of connections of any such bundle only form a half-dimensional 
subspace in the moduli stack Loclq of the space of all connections on a particular flat ^G-bundle, where 
G = SL{N). Thus, our construction establishes the geometric Langlands correspondence only partially. 
However, it turns out that our construction can be generalised to include all flat ^G-bundles on E by 
considering in the correlation functions more general chiral operators that are labelled by finite-dimensional 
representations of g, which, in mathematical terms, is equivalent to making manifest the singular oper 
structure of any flat ^G-bundlc on S [6]. 
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positive degree in J{z) (modulo polynomials of arbitrary positive degree in the S^^^\z) 
operators which necessarily act by zero and hence vanish in the quantum theory)]^ 

The set of local operators described by F{J{z)) can be identified with the mathemat- 
ically defined chiral vertex algebra V^_/iv(0) associated to g at the critical level k = — /i^, 
where g = sItv in our present case. The action of the Hecke operator on a Hecke eigensheaf 
as defined in the axiomatic CFT sense, is equivalent to an insertion of an operator that 
lies in the chiral vertex algebra given by m copies of V^-/jv(g), i.e., ®mV-h'^{.Q) [O]- Such 
an operator is again a polynomial operator of the form F{J'{z)). In short, the action of 
the Hecke operator is equivalent to inserting into the correlation functions of local primary 
field operators of the twisted (0,2) sigma-model on SL{N)/B, other local operators that 
also lie in the holomorphic chiral algebra of the twisted (0,2) sigma-model on SL{N)/B, 
which, as emphasised earlier, is a quasi-topological sigma-model with no boundaries. This is 
to be contrasted with the description of the Hecke operators (and Hecke eigensheaves) in the 
gauge-theoretic approach to the geometric Langlands program, where they are interpreted 
as 't Hooft line operators (and D-branes) in a topological sigma-model with boundaries. Our 
results therefore provide an alternative physical interpretation of these abstract objects of 
the geometric Langlands correspondence for G = SL{N), to that furnished in the gauge- 
theoretic approach by Kapustin and Witten in [Jj. 

A The Twisted (0, 2) Sigma- Mo del and Sheaves of CDO's 

We shall review the relevant features of the twisted (0, 2) sigma-model considered by Witten 
in [To] and its relation to the theory of CDO's constructed by Malikov et al. in [11]. In our 
aim to keep this paper self-contained, we will present the relevant details in as comprehensive 
and coherent a manner as possible. The interested reader is encouraged to seek the original 
references for other details not covered in this appendix. 

A.l. The Sigma-Model with (0,2) Supersymmetry 

Let us first recall the two-dimensional non-linear sigma-model with (0, 2) supersymme- 
try on a complex manifold X. It governs maps $ : S ^ X, with S being the worldsheet 
Riemann surface. By picking local coordinates z, z on E, and 0*, 0* on X, the map $ can 

^^In order to show this, first note that d^J'^iz) — [L_i,J°(z)], where L_i — § dzT^ziz). Since 
7*^(2)] = even at the quantum level, it will mean that [Q^,9zJ°(z)] — J°(z)] — 

§ dz'\\Qj^,Tzz{z')], J°-{z)] = <f dz'[dz'iRijdz'4>^i}^), J°'{z)] — 0. One can proceed to repeat this argument 
and show that [Q^, d™J'^{z)] — for any m > 1 at the quantum level always. 
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then be described locally via the functions ^^(-z, z) and (j)'^{z, z). Let K be the anti-canonical 
bundle of S (the bundle of one-forms of type (0, 1)), whereby the right-moving spinor bundle 

.1/2 



of S is given K . Let TX and TX be the holomorphic and anti-holomorphic tangent bun- 
dle of X. The right-moving fermi fields consist of ip^ and which are smooth sections of 



the bundles K ^*TX and K ® $*TX respectively. Here, and are superpartners 
of the scalar fields 0* and 0*. Let g be the hermitian metric on X. The action is then given 

by 

S = \dh\ ]^g^.{d,ct>'d-J + d,(l)'d,(t^) + g.j^'D,^^, (A.l) 
whereby i,i = 1 . . . ,n = dim^X, \(Pz\ = idz A dz. In addition, is the d operator on 

1/2 

K ® (j)*TX using the pull-back of the Levi-Civita connection on TX. In formulas (using 
a local trivialisation of ), we havq^ 

= d,i? + r|9,0V', (A.2) 
where F-^ is the affine connection of X. 

Ik 

The infinitesimal transformation of the fields generated by the supercharge under 
the first right-moving supersymmetry, is given by 

5(t)' = 0, 6(f/ = e_if\ 

5il? = 0, 6i/j' = -e-d-,(t)\ (A.3) 

while the infinitesimal transformation of the fields generated by the supercharge (5+ under 
the second right-moving supersymmetry, is given by 



Si/j' = 0, 50^ = 0. (A.4) 



_ 1/2 

where (e_)e_ are (anti-)holomorphic sections of K 



A.2. Twisting the Model 

Classically, the action (lA.ip and therefore the model that it describes, possesses a right- 
moving R-symmetry, giving rise to a U{1)r global symmetry group. Denoting g^j to be the 

i^Note that we have used a flat metric and hence vanishing spin connection on the Riemann surface S in 
writing these formulas. 
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charge of the right-moving fermi fields under this symmetry group, we find that V'' and 
will have charge g/j = ±1 respectively. Quantum mechanically however, this symmetry is 
anomalous because of non-perturbative worldsheet instantons; the charge violations for the 
right- moving global symmetry is given by Ag^j = $*Ci(TX). 

In order to define a twisted variant of the model, the spins of the fermi fields need to be 
shifted by a multiple of their corresponding right-moving charge under the global U{1)r 
symmetry group; by considering a shift in the spin S via 5^5 + 1 [(2s — l)g_R] (where s 
is a real number), the fermi fields of the twisted model will transform as smooth sections of 
the following bundles: 

e r {k^^~"^ ® $*Tx) , ev {k' ® $*tX) . (A.5) 

Notice that for s = s = |, the fermi fields transform as smooth sections of the same tensored 
bundles defining the original (0,2) sigma-model, i.e., we get back the untwisted model. 

To make contact with the theory of CDO's, we shall consider the case where s = 0. 
Then, the fermi fields of the twisted model will transform as smooth sections of the following 
bundles: 

ipl evix^ ® <^*TX^ , ($*tX) . (A.6) 

Notice that we have included additional indices in the above fields so as to refiect their new 
geometrical characteristics on S; the fermi field without a z index transform as a worldsheet 
scalar, while the fermi field with a z index transform as a (0, l)-form on the worldsheet. In 
addition, as refiected by the i, and i indices, all fields continue to be valued in the pull-back 
of the corresponding bundles on X. Thus, the action of the twisted variant of the (0, 2) 
sigma-model is given by 

d^z\ ]-g,.{d,<P'd,(t^^ + d,<p'd,(t^) + gq'iPlD^xl?. (A.7) 

A twisted theory is the same as an untwisted one when defined on a S which is fiat. 
Hence, locally (where one has the liberty to select a fiat metric), the twisting does nothing 
at all. However, what happens non-locally may be non-trivial. In particular, note that 
globally, the supersymmetry parameters e_ and e_ must now be interpreted as sections of 
different line bundles; in the twisted model, the transformation laws given by (1A.3P and 



(1A.4P are still valid, and because of the shift in the spins of the various fields, we find that 



for the laws to remain physically consistent, e_ must now be a function on E while e_ 



must be a section of the non-trivial bundle K . One can therefore canonically pick e 
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to be a constant and e_ to vanish, i.e., the twisted variant of the (0,2) sigma-model has 
just one canonical global fermionic symmetry generated by the supercharge Q^. Hence, 
the infinitesimal transformation of the (twisted) fields under this single canonical symmetry 
must read (after setting e_ to 1) 

S(f)^ = 0, 50^ = 

6tl/ = 0, dtpi = -ds(j)\ (A.8) 

From the (0, 2) supersymmetry algebra, we have = 0. In addition, (after twisting) Q_^_ 
transforms as a scalar. Consequently, we find that the symmetry is nilpotent i.e., 5^ = 
(off-shell), and behaves BRST-like symmetry. 

Note at this point that the transformation laws of (lA.SP can be expressed in terms of 
the BRST operator Q_^, whereby 6W = W} for any field W. One can then show that 
the action (1A.7P can be written as 



St..^st = jJd'z\{Q^,V} + Stop (A.9) 

where 

V = -g,jrA<P', (A. 10) 

while 

Stop =\j^ 9^] {d,<P'd,4>^ - d,<p%<p^^ (A.ll) 

is ^*{K), the integral of the pull-back to S of the (1, l)-form K = ^gfjdcjf A dcfi . 

Notice that since (5+ = 0, the first term on the RHS of (]A.9I) is invariant under the 
transformation generated by Q^. In addition, as mentioned in the introduction, we will 
be studying the twisted model in perturbation theory, where one does an expansion in the 
inverse of the large-radius limit. Hence, only the degree-zero maps of the term j^(^*{K) 
contribute to the path integral factor e~"^'™"*. Therefore, in the perturbative limit, one can 
set j^(^*{K) = 0, i.e., S'top can be set to zero. Thus, the action given in ( 1A.9I) is invariant 



under the BRST symmetry as required. Moreover, for the transformation laws of flA.SP to 



be physically consistent, must have charge g/j = 1 under the global U{1)r gauge group. 
Since V has a corresponding charge of qn = —1, Stwist in flA.OP continues to be invariant 



under the U{1)r symmetry group at the classical level. In summary, the effective action in 
perturbation theory reads 



s 



Spert= I \d'z\ gf^{d,<j)^d,<f)' + ^lD,^^), (A.12) 
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where it can also written as 

S^ert = j^\(fz\{Q^,V]. (A.13) 

Note that the original symmetries of the theory persist despite limiting ourselves to 
perturbation theory; even though Stop = 0, from ( ]A.13I) . one finds that Spert is invariant under 
the nilpotent BRST symmetry generated by Qj^_. It is also invariant under the U{1)r global 
symmetry. Spert shall henceforth be the action of interest in all our subsequent discussions. 

A. 3. Chiral Algebras from the Twisted Sigma-Model 
The Chiral Algebra 

Classically, the model is conformally invariant. The trace of the stress tensor from Spert 
vanishes, i.e., T^z = 0. The other non-zero components of the stress tensor, at the classical 
level, are given by 

Tzz = g,jdz(j)%<P^, (A.14) 

and 

T-z, = gf^d-zct^ + gf^,lj\ {d-zi? + • (A.15) 

Furthermore, one can go on to show that 

T,, = {g+, -g,jij\d,cp^}, (A.16) 

and 

\Q^,Tzz]=g,^dzcl>'Dz^^ 

= (on-shell). (A. 17) 

From (1A.17P and (lA.16p . we see that all components of the stress tensor are Q^-invariant; 
Tzz is an operator in the Q_,_-cohomology while Tzz is Q_^_-exact and thus trivial in Q^- 
cohomology. The fact that Tzz is not Q^-exact even at the classical level implies that 
the twisted model is not a two-dimensional topological field theory; rather, it is a two- 
dimensional conformal field theory. This because the original model has (0, 2) and not (2, 2) 
supersymmetry. On the other hand, the fact that T^z is (5+-exact has some non-trivial 
consequences on the nature of the local operators in the Q^_-cohomology. Let us discuss this 
further. 
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We say that a local operator O inserted at the origin has dimension (n, m) if under 
a rescaling z Xz, z Xz (which is a conformal symmetry of the classical theory), it 
transforms as d"'~^"^ /dz"'dz"^, that is, as A~"A~™. Classical local operators have dimensions 
(n, m) where n and m are non-negative integers^ However, only local operators with m = 
survive in Q^-cohomology. The reason for the last statement is that the rescaling of z is 
generated by Zq = ^ dzzT^z- As we noted in the previous paragraph, Tzz is of the form 

. . . }, so Zo = {<5+, Vo} for some Vq. If O is to be admissible as a local physical operator, 
it must at least be true that {Q^,0} = 0. Consequently, [Zq, O] = {Q_^,, {Vq, O}}. Since 
the eigenvalue of Zq on O is m, we have [Zq, O] = mO. Therefore, if m 7^ 0, it follows that 
O is Q^-exact and thus trivial in Q^-cohomology. 

By a similar argument, we can show that O, as an element of the Q^-cohomology, 
varies holomorphically with z. Indeed, since the momentum operator (which acts on O 
as dz) is given by Z_i, the term dzO will be given by the commutator [Z_i,(9]. Since 
Z_i = jdzTzz, we will have Z_i = {Q^,V_i} for some V^i. Hence, because O is physical 
such that {Q^,0} = 0, it will be true that dzO = {Q^, {V-i,0}} and thus vanishes in 
Q^-cohomology. 

The observations that we have so far are based solely on classical grounds. The question 
that one might then ask is whether these observations will continue to hold when we eventu- 
ally consider the quantum theory. The key point to note is that if it is true classically that 
a cohomology vanishes, it should continue to do so in perturbation theory, when quantum 
effects are small enough. Since the above observations were made based on the classical fact 
that Tzz vanishes in Q_,_-cohomology, they will continue to hold at the quantum level. Let 
us look at the quantum theory more closely. 

The Quantum Theory 

Quantum mechanically, the conformal structure of the theory is violated by a non-zero 
one-loop /5-function; renormalisation adds to the classical action Spert a term of the form: 

Ai_ioop = ci (A. 18) 

for some divergent constants Ci, where Rij is the Ricci tensor of X. In the Calabi-Yau 
case, one can choose a Ricci-flat metric such that Ai_ioop vanishes and the original action 
is restored. In this case, the classical observations made above continue to hold true. On 

^^Anomalous dimensions under RG flow may shift tlie values of n and m quantum mechanically, but the 
spin given by (n — m) , being an intrinsic property, remains unchanged. 
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the other hand, in the "massive models" where Ci(X) 7^ 0, there is no way to set Ai^ioop to 
zero. Conformal invariance is necessarily lost, and there is nontrivial RG running. However, 
one can continue to express Tjj as {Q_^_, ■ ■ ■}, i.e., it remains Q_,_-exact, and thus continues 
to vanish in Q_,_-cohomology. Hence, the above observations about the holomorphic nature 
of the local operators having dimension (n, 0) continue to hold in the quantum theory. 

We would also like to bring to the reader's attention another important feature of the 
(5+-cohomology at the quantum level. Recall that classically, we had [Q_^,Tzz] = via the 
classical equations of motion. Notice that the classical expression for T^^ is not modified 
at the quantum level (at least up to one- loop), since even in the non-Calabi-Yau case, the 
additional term of Ai^ioop in the quantum action does not contribute to Tzz- However, due 
to one- loop corrections to the action of Q_^, we have, at the quantum level 

Tzz] = dziRf.dz'p'iP). (A.19) 

Note that the term on the RHS of (1A.19I) cannot be eliminated through the equations of 
motion in the quantum theory. Neither can we modify Tzz (by subtracting a total derivative 
term) such that it continues to be Q^_-invariant. This implies that in a 'massive' model, oper- 
ators do not remain in the Q^-cohomology after general holomorphic coordinate transforma- 
tions on the worldsheet, i.e., the model is not conformal at the level of the Q_,_-cohomology|lf 
However, Tzz continues to be holomorphic in z up to Q^-trivial terms; from the conserva- 
tion of the stress tensor, we have dzTzz = —dzTzz, and Tzz, while no longer zero, is now 
given by Tzz = {Q+, Gzz] for some G^j, i.e., dzTzz continues to be Q_,_-exact, and dzTzz ~ 
in (5 _|_-co homology. The holomorphy of Tzz-, together with the relation ( lA.lQI) . has further 



implications for the Q_^-cohomology of local operators; by a Laurent expansion of Tzz^l. 
one can use flA.lQp to show that [Qj^^L^i] = 0. This means that operators remain in the 
(5+-cohomology after global translations on the worldsheet. In addition, recall that Q_^_ is a 
scalar with spin zero in the twisted model. As shown few paragraphs before, we have the 
condition Lq = 0. Let the spin be S, where S = Lq — Lq. Therefore, [(^+,5'] = implies 
that [(5_,_,Lo] = 0. In other words, operators remain in the (5_|_-cohomology after global 
dilatations of the worldsheet coordinates. 

One can also make the following observations about the correlation functions of these 
local operators. Firstly, note that W}) = for any W, and recall that for any lo- 



"'^^In §2 and §3, we will examine more closely, from a different point of view, the one-loop correction to the 
action of Q_^_ associated with the beta-function, where (|A.19P will appear in a different guise. 

^^Since we are working modulo (5_|_-trivial operators, it suffices for T^z to be holomorphic up to Q^-trivial 
terms before an expansion in terms Laurent coefffcients is permitted. 
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cal physical operator Cq, we have {Q^,Oa} = 0. Since the operator on S is given by 
Z_i = § dz Tsz, where T^z = . . . }, we find that (Ci(-2i)C2(-22) • • • Os{zs)) is given by 
§ dz ({Q+, . . . } 01(^1)02(^2) . . . Osizs)) = §dz ({g+, ■ • • 0,{z,)}) = 0. Thus, the corre- 
lation functions are always holomorphic in z. Secondly, T^z = {Q+-> Gzz} for some Gzz in the 
'massive' models. Hence, the variation of the correlation functions due to a change in the 
scale of S will be given by {Oi{zi)02{z2) . . . Os{Zs){Q^, Gzz}) = U^ 0,{zi) ■ Gzz]) = 

0. In other words, the correlation functions of local physical operators will continue to be in- 
variant under arbitrary scalings of S. Thus, the correlation functions are always independent 
of the Kahler structure on E and depend only on its complex structure. 

A Holomorphic Chiral Algebra A 

Let 0{z) and 0{z') be two (5+-closed operators such that their product is Q_,_-closed 
as well. Now, consider their operator product expansion or OPE: 

0{z)d{z') ~ 5^ /fc(z - z')Ok{z'), (A.20) 

k 

in which the explicit form of the coefficients fk must be such that the scaling dimensions 
and f/(l)_R charges of the operators agree on both sides of the OPE. In general, fk is not 
holomorphic in z. However, if we work modulo (5+-exact operators in passing to the Qj^- 
cohomology, the /^'s which are non-holomorphic and are thus not annihilated by d/dz, drop 
out from the OPE because they multiply operators Ok which are (5+-exact. This is true 
because d/dz acts on the LHS of ( 1A.20I) to give terms which are cohomologically trivial]^ 
In other words, we can take the /^'s to be holomorphic coefficients in studying the 
cohomology. Thus, the OPE of flA.20p has a holomorphic structure. 

In summary, we have established that the Q^-cohomology of holomorphic local opera- 
tors has a natural structure of a holomorphic chiral algebra (as defined in the mathematical 
literature) which we shall henceforth call A\ it is always preserved under global translations 
and dilatations, though (unlike the usual physical notion of a chiral algebra) it may not be 
preserved under general holomorphic coordinate transformations on the Riemann surface S 
depending on whether Ci{X) vanishes or not. Likewise, the OPEs of the chiral algebra of 
local operators obey the usual relations of holomorphy, associativity, and invariance under 
translations and scalings of z, but not necessarily invariance under arbitrary holomorphic 
reparameterisations of z. The local operators are of dimension (n,0) for n > 0, and the chiral 

^°Since {Qj^,0} = 0, we have dzO = {Q+, V{z)} for some V{z), as argued before. Hence dzO{z) ■ 0{z') — 
{Q^,V{z)d{z')}. 
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algebra of such operators requires a flat metric up to scaling on E to be defined. Therefore, 
the chiral algebra that we have obtained can either be globally-defined on a S of genus-one, 
or locally-defined on an arbitrary but curved S. The sigma- model is also plagued by anoma- 
lies of the form |ci(S)ci(X) and ^pi{X), where Pi{X) is the first Pontryagin class of TX. 
However, for the flag manifolds X considered in this paper, Pi{X) vanishes. In addition, 
since the chiral algebra that we will be analysing depends only on a local coordinate z on'E, 
i.e., we will only be working locally on S, the first anomaly will also be irrelevant in our con- 
text. Therefore, we shall henceforth have nothing more to say about these anomalies. Last 
but not least, as is familiar for chiral algebras, the correlation functions of these operators 
depend on S only via its complex structure. The correlation functions are holomorphic in 
the parameters of the theory and are therefore protected from perturbative corrections. 



A. 4- Local Operators as Perturbative Observables 



Local Operators 

In general, a local operator is an operator JF that is a function of the physical fields 
ipl, ip^, and their derivatives with respect to z and z^ However, as we saw in §A.3, the 
Q^_-cohomology vanishes for operators of dimension {n, m) with m 7^ 0. Since ip^ and the 
derivative dz both have m = 1 (and recall from §A.3 that a physical operator cannot have 
negative m or n), (5_,_-cohomology classes can be constructed from just 0*, 0*, ip^ and their 
derivatives with respect to z. Note that the equation of motion for ip^ is Dzip^ = 0. Thus, we 
can ignore the z-derivatives of ■?/'*, since it can be expressed in terms of the other fields and 
their corresponding derivatives. Therefore, a chiral (i.e. Q_,_-invariant) operator which rep- 
resents a Q_,_-cohomology class is given by JF(0*, dz4>\ d'^(f)\ ■ ■ dz4>\ <9f 0*, . . . ; ip^), where 
we have tried to indicate that JF might depend on z derivatives of 0* and 0* of arbitrarily 
high order, though not on derivatives of ■0*. If the scaling dimension of JF is bounded, it 
will mean that JF depends only on the derivatives of fields up to some finite order or is a 
polynomial of bounded degree in those. Notice that J-' will always be a polynomial of finite 
degree in -0*, simply because -0* is fermionic and can only have a finite number of components 
before they vanish due to their anticommutativity. However, the dependence of JF on 0', 0* 
(as opposed to their derivatives) need not have any simple form. Nevertheless, we can make 
the following observation - from the f/(l)_R charges of the fields listed in §A.2, we see that if 



^^Note here that since we are interested in local operators which define a holomorphic chiral algebra on 
the Riemann surface S, we will work locally on E with local parameter z. Hence, we need not include in our 
operators the dependence on the scalar curvature of S. 
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T is homogeneous of degree A; in then it has [/(l)ij-charge = k. 

A general Qr = k operator J^{(j)\dz4>\ ■ ■ ■ ; 4>\dz4>\ ■ ■ ■ 'ji'^) can be interpreted as a 
(0, A;)-form on X with values in a certain tensor product bundle. In order to illustrate 
the general idea behind this interpretation, we will make things explicit for operators of 
dimension (0,0) and (1,0). Similar arguments will likewise apply for operators of higher 
dimension. For dimension (0,0), the most general operator takes the form JF(0*, 0*; ■j/;-'') = 
/jj j^(0*, 0*)-?/'-^^ ... thus, JF may depend on (f)\ and (f)\ but not on their derivatives, 
and is k^^ order in ip^ . Mapping ip^ to d(j>^ (which one can do so as both ip^ and d(j>' 
are anticommuting quantities), such an operator corresponds to an ordinary (0, A;)-form 

j^(0*, 0*)(i0-'^ • • •'^0""° on For dimension (1,0), there are two general cases. In the 
first case, we have an operator J-'{4>\ S^^*; 0'; ip^) = (</>', (f)'')dz(f)^ilj^'^ . . . ip^'' that is lin- 

ear in dz(f)^ and does not depend on any other derivatives. It is a (0, /c)-form on X with 
values in the bundle T*X] alternatively, it is a (l,fc)-form on X. Similarly, in the second 
case, we have an operator JF(0'; 0', dz4>^', ip-') = /*ji,...jfe(0') 4''')gisdz4''^ip-'' ■ ■ ■ V'"''' that is linear 
in dz4>'^ and does not depend on any other derivatives. It is a (0, A;)-form on X with values in 
the bundle TX. In a similar fashion, for any integer n > 0, the operators of dimension (n, 0) 
and charge Qr = k can be interpreted as (0, A;)-forms with values in a certain bundle over 
X. This structure persists in quantum perturbation theory, but there may be perturbative 
corrections to the complex structure of the bundle. 

The Quantum Action of 

The action of on such operators can be easily described at the classical level. If we 
interpret ip"^ as dcff, then acts on functions of 0* and 0*, and is simply the d operator on 
X. This follows from the transformation laws 50* = '0*, 50* = 0, 5%p^ = 0. The interpre- 
tation of Qj^ as the d operator will remain valid when Q_^_ acts on a more general operator 
JF(0*, dz4>\ • • • ; 0*, dz(p\ . . . ; "0*) that does depend on the derivatives of 0* and 0*. The reason 
for this is because we have the equation of motion Dzip^ = 0. This means that one can 
neglect the action of Q_^_ on derivatives 9^0* with m > 0. 

Perturbatively however, there will be corrections to the action of Q^. In fact, as briefly 
mentioned in §A.3 earlier, (1A.19P provides such an example - the holomorphic stress tensor 
Tzz, though not corrected at 1-loop, is no longer Q^_-closed because the action of has 
received perturbative corrections. The fact that (5+ does not always act as the d operator 
at the quantum level suggests that one needs a more general framework than just ordinary 
Dolbeault or 9-cohomology to describe the Q_,_-cohomology of the twisted (0, 2) sigma-model. 
Indeed, as we will show shortly, the appropriate description of the Q_,_-cohomology of local 
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operators spanning the chiral algebra will be given in terms of the more abstract notion of 
Cech cohomology. 

A. 5. A Sheaf of Chiral Algebras 

We shall now explain the idea of a "sheaf of chiral algebras" on X. To this end, 
note that both the Q_,_-cohomology of local operators (i.e., operators that are local on the 
Riemann surface S), and the fermionic symmetry generator Q_^, can be described locally on 
X. Hence, one is free to restrict the local operators to be well-defined not throughout X, 
but only on a given open set U G X. Since in perturbation theory, we are considering trivial 
maps $ : S — > X with no multiplicities, an operator defined in an open set U will have a 
sensible operator product expansion with another operator defined in U. From here, one can 
naturally proceed to restrict the definition of the operators to smaller open sets, such that a 
global definition of the operators can be obtained by gluing together the open sets on their 
unions and intersections. From this description, in which one associates a chiral algebra, its 
OPEs, and chiral ring to every open set U G X, we get what is known mathematically as a 
"sheaf of chiral algebras" . We shall call this sheaf A. 

Description of A via Cech Cohomology 

In perturbation theory, one can also describe the Q^-cohomology classes by a form 
of Cech cohomology. This alternative description will take us to the mathematical point 
of view on the subject [HI [32]. In essence, we will show that the chiral algebra A of 
the (5_,_-cohomology classses of the twisted (0, 2) sigma-model on X, can be represented, 
in perturbation theory, by the classes of the Cech cohomology of the sheaf A of locally- 
defined chiral operators. To this end, we shall demonstrate an isomorphism between the 
(5_,_-cohomology classes and the classes of the Cech cohomology of A. 

Let us start by considering an open set U G X that is isomorphic to a contractible 
space such as an open ball in C", where n = dimc(X). Because U is a contractible space, 
any bundle over U will be trivial. In the absence of perturbative corrections at the classical 
level, any operator JF in the (5+-cohomology will be classes of if^''^(?7, F) on U as explained 
earlier. Since F will be a trivial bundle over U, which means that F will always possess a 
global section, i.e., it corresponds to a soft sheaf, and because the higher Cech cohomologies 
of a soft sheaf are trivial [33j, we will have Hq^^-^(U^ F) = for A; > 0. Mapping this back to 
Dolbeault cohomology via the Cech-Dolbeault isomorphism, we find that F) = for 

k > 0. Note that small quantum corrections in the perturbative limit can only annihilate 
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cohomology classes and not create them. Hence, in perturbation theory, it follows that the 
local operators T with positive values of g^, must vanish in Q^-cohomology on U . 

Now consider a good cover of X by open sets \Ua\- Since the intersection of open sets 
{Ua) also give open sets (isomorphic to open balls in C"), {t/a} and all of their intersections 
have the same property as V described above: (9-cohomology and hence Q^-cohomology 
vanishes for positive values of qn on {Ua\ and their intersections. 

Let the operator T\ on X be a Q^-cohomology class with g/j = 1. It is here that 
we shall import the usual arguments relating a d and Cech cohomology, to demonstrate an 
isomorphism between the (5+-cohomology and a Cech cohomology. When restricted to an 
open set [4, the operator T\ must be trivial in (5+-cohomology, i.e., T\ = {Qj^,Ca}, where 
Ca is an operator of g^j = that is well-defined in Ua- 

Now, since (5_,_-cohomology classes such as J-'i can be globally-defined on X, we have 
•^1 = {Q+)Ca} = {Q+,Cb} over the intersection Ua H Ub, so {Q^,Ca — Cb} = 0. Let Cab = 
Ca — Cb- For each a and b, Cab is defined in Ua fl Ub- Therefore, for all a, b, c, we have 

Cab = —Cba, Cab + Cbc + Cca = 0. (A. 21) 

Moreover, for {q^ = 0) operators ICa and ICb, whereby {(5+,/Ca} = = 0, we have 

an equivalence relation 

Cab ~ C'ab = Cab + - ^b- (A.22) 

Note that the collection {Cab} are operators in the (5_,_-cohomology with well-defined operator 
product expansions. 

Since the local operators with positive values of qR vanish in Q^-cohomology on an 
arbitrary open set f/, the sheaf A of the chiral algebra of operators has for its local sections 
the '^/''-independent (i.e. q^ = 0) operators J^{(l)\ dz(j)\ • • • ; 0\ dz(j)\ ■ ■ ■) that are annihilated 
by Q_^_. Each Cab with g/j = is thus a section of A over the intersection Ua CiUb- From 
(lA.2ip and (lA.22p . we find that the collection {Cab} defines the elements of the first Cech 
cohomology group -ffcech (^) ■ 

Next, note that the (5_,_-cohomology classes are defined as those operators which are 
Q^-closed, modulo those which can be globally written as . . . } on X. In other words, 
J^i vanishes in Q^-cohomology if we can write it as J-'i = {Q_^_,Ca} = {Q^,Cb} = {Q^,C}, 
i.e., Ca = Cb and hence Cab = 0. Therefore, a vanishing Q^-cohomology with g^ = 1 
corresponds to a vanishing first Cech cohomology. Thus, we have obtained a map between 
the Q_,.-cohomology with qn = 1 and a first Cech cohomology. Similar to the case of relating 
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a d and Cech cohomology, one can also run everything backwards and construct an inverse 
of this map [10]. Since there is nothing unique about the qR = 1 case, we can repeat the 
above procedure for operators with > 1. In doing so, we find that the Q_,_-cohomology 
coincides with the Cech cohomology of A for all q^. Hence, the chiral algebra A of the 
twisted (0, 2) sigma- model will be given by -^cech("^' ^ vector space. As there will 
be no ambiguity, we shall henceforth omit the label "Cech" when referring to the cohomology 
of A 

Note that in the mathematical literature, the sheaf A, also known as a sheaf of vertex 
algebras, is studied purely from the Cech viewpoint; the field ip'' is omitted and locally on 
X, one considers operators constructed only from 0*, 0* and their 2;-derivatives. The chiral 
algebra A of (5+-cohomology classes with positive qn are correspondingly constructed as 
Cech g/j-cocycles. However, in the physical description via a Lagrangian and operator, 
the sheaf A and its cohomology are given a 5-like description, where Cech g^j-cycles are 
represented by operators that are order in the field tp^. Notice that the mathematical 
description does not involve any form of perturbation theory at all. Instead, it utilises the 
abstraction of Cech cohomology to define the spectrum of operators in the quantum sigma- 
model. It is in this sense that the study of the sigma-model is given a rigorous foundation 
in the mathematical literature. 



A. 6. Relation to a Free f3'j System 

Now, we shall express in a physical language a few key points that are made in the 
mathematical literature [32J starting from a Cech viewpoint. Let us start by providing a 
convenient description of the local structure of the sheaf A. To this end, we will describe in 
a new way the Q^-cohomology of operators that are regular in a small open set U <Z X. We 
assume that U is isomorphic to an open ball in and is thus contractible. 

Notice from Spert in ( 1A.13P and V in ( 1A.10|) . that the hermitian metric on X only 
appears inside a term of the form {Q_^_, . . . } in the action. Thus, any shift in the metrics will 
also appear inside Q_,_-exact (i.e. (5+-trivial) terms. Consequently, for our present purposes, 
we can arbitrarily redefine the value of the hermitian metric on X, since it does not affect 
the analysis of the Q_|_-cohomology. Therefore, to describe the local structure, we can pick a 
hermitian metric that is fiat when restricted to U. Thus, the local action (derived from the 
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flat hermitian metric) of tlie twisted (0, 2) sigma-model on U is 

/ = ^ y \d'z\ J2 % {d,^d,(P' + 'iPld^i?) . (A.23) 

Now let us describe the (5+-cohomology classes of operators regular in U . As explained 
earlier, these are operators of dimension (n, 0) that are independent of ip^. In general, such 
operators are of the form S^^*, . . . ; 0*, (9x0*, . . . ). Recall that will act as the d 

operator at the classical level. Because perturbative corrections to the action of can be 
ignored on a flat open set U [10] , on the classes of operators in [/, will continue to act as 
d = ip^d/dcff^ and the condition that JF is annihilated by is precisely that, as a function 
of 0*, 0', and their z-derivatives, it is independent of 0* (as opposed to its derivatives), and 
depends only on the other variables, namely 0\ and the derivatives of 0* and 0*,^ Hence, 
the Q_,_-invariant operators are of the form J?^(0*, ^20*, . . . ; 9^0*, 9^0*, . . . ). In other words, 
the operators, in their dependence on the center of mass coordinate of the string whose 
worldsheet theory is the twisted (0, 2) sigma-model, is holomorphic. The local sections of A 
are just given by the operators in the Q_,_-cohomology of the local, twisted (0, 2) sigma-model 
with action (lA.23p . 

Let us set (3i = 5fjdz(t>' and 7* = 0*, whereby (3i and 7* are bosonic operators of dimension 
(1, 0) and (0, 0) respectively. Then, the Q^-cohomology of operators regular in U can be rep- 
resented by arbitrary local functions of (3 and 7 of the form ^(7, ^27, c?^7, ■ ■ ■ , P, dzP, d'^P, . . .). 
The operators (3 and 7 have the operator products of a standard f3'y system. The products 
(3 ■ (3 and 7 ■ 7 are non-singular, while 

I3i{z)-i^ {z') = ^ + regular. (A.24) 

z — z' 

These statements can be deduced from the flat action (1A.23I) by standard field-theoretic 
methods. We can write down an action for the fields (3 and 7, regarded as free elementary 
fields, which reproduces these OPE's. It is simply the following action of a /?7 system: 

h, = ^\ M'^l Y.^'M- (A.25) 

Hence, we find that the local (3^ system above reproduces the (5_|_-cohomology of -^'-independent 
operators of the sigma-model on [/, i.e., the local sections of the sheaf A. 



^^We can again ignore the action of on z-derivatives of 0' because of the equation of motion 9^^* = 
and the symmetry transformation law (50* = i/;'. 
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At this juncture, one can make another important observation concerning the rela- 
tionship between the local twisted (0, 2) sigma-model with action (]A.23P and the local ver- 
sion of the /?7 system of (]A.25|) . To begin with, note that the holomorphic stress tensor 



T{z) = —2'nTzz of the local sigma-model is given by 

f{z) = -5qd,cf^dzct>\ (A.26) 

(Here and below, normal ordering is understood for T{z)). Via the respective identification 
of the fields /3 and 7 with dz4> and 0, we find that T[z) can be written in terms of the {3 and 
7 fields as 

f{z) = (A.27) 

T(z), as given by (lA.27p . coincides with the holomorphic stress tensor of the local (S'y system. 
Simply put, the twisted (0, 2) sigma-model and the P'y system have the same local holomor- 
phic stress tensor. This means that locally on X, the sigma-model and the /37 system have 
the same generators of general holomorphic coordinate transformations on the worldsheet. 

One may now ask the following question: does the jSj system reproduce the Q_^- 
cohomology of ■^/'^-independent operators globally on X, or only in a small open set f/? 
Well, the P'j system will certainly reproduce the Q_,_-cohomology of V^*-independent opera- 
tors globally on X if there is no obstruction to defining the system globally on X, i.e., one 
finds, after making global sense of the action flA.251) . that the corresponding theory remains 
anomaly-free. Let's look at this more closely. 

First and foremost, the classical action flA.25|) makes sense globally if we interpret the 



bosonic fields (3, 7 correctly. 7 defines a map 7 : S ^ X, and /5 is a (1, 0)-form on S with 
values in the pull-back 7*(T*X). With this interpretation, flA.25|) becomes the action of 



what one might call a non-linear /S'j system. However, by choosing 7* to be local coordinates 
on a small open set ?7 C X, one can make the action linear. In other words, a local version 
of (1A.25P represents the action of a linear /37 system. 

Now that we have made global sense of the action of the f3'y system at the classical 
level, we move on to discuss what happens at the quantum level. The anomalies that enter 
in the twisted (0, 2) sigma model also appear in the nonlinear f]'y system as follows. Expand 
around a classical solution of the nonlinear f3'y system, represented by a holomorphic map 
7o : S — X. Setting 7 = 70 + 7', the action, expanded to quadratic order about this 
solution, is (l/27r) (/5, -D7'). 7', being a deformation of the coordinate 70 on X, is a section 
of the pull-back 7q(TX). Thus, the kinetic operator of the (3 and 7 fields is the D operator 
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on sections of 7q(TX); it is the complex conjugate of the D operator of the fermion kinetic 
term of the twisted sigma-model action S'pert that results in its observed anomalies. Complex 
conjugation reverses the sign of the anomalies, but here the fields are bosonic, while in the 

3 Hence, the 



twisted sigma-model, they are fermionic; this gives a second sign change 
non-linear /37 system has exactly the same anomalies as the underlying twisted (0, 2) sigma- 
model. And if the anomalies vanish, the /?7 system will reproduce the Q^-cohomology of 
^/'^-independent operators globally on X. In other words, one can find a global section of A 
in such a case. 

However, note that the /57 system lacks the presence of right-moving fermions and thus 
the U{1)r charge qR carried by the fields '?/'| and of the underlying twisted (0,2) sigma- 
model. Locally, the Q_,_-cohomology of the sigma model is non-vanishing only for = 0. 
Globally however, there can generically be cohomology in higher degrees. Since the chiral 
algebra of operators furnished by the linear (3^ system gives the correct description of the 
Q_,_-cohomology of ^/'^-independent operators on U, one can then expect the globally-defined 
chiral algebra of operators furnished by the non-linear /?7 system to correctly describe the 
Q_,_-cohomology classes of zero degree (i.e. q^ = 0) on X. How then can one use the non- 
linear jSj system to describe the higher cohomology? The answer lies in the analysis carried 
out in the §A.5. In the f3'y description, we do not have a close analog of d cohomology at 
our convenience. Nevertheless, we can use the more abstract notion of Cech cohomology. 
As before, we begin with a good cover of X by small open sets {Ua}, and, as explained in 
§A.5, we can then describe the Q_,_-cohomology classes of positive degree (i.e. qn > 0) by 
Cech g/j-cocycles, i.e., they can be described by the Cech cohomology of the sheaf A of 
the chiral algebra of the linear system with action being a linearised version of (1A.25|) . 
Although unusual from a physicist's perspective, this Cech cohomology approach has been 
taken as a starting point for the present subject in the mathematical literature fiTi \ 



A. 7. Local Symmetries, Gluing the Free jS'j Systems, and the Sheaf of CDO's 

Conserved Currents and Local Symmetries 

So far, we have obtained an understanding of the local structure of the (5_|_-cohomology. 
We shall now proceed towards our real objective of obtaining an understanding of its global 
structure, since after all, the sigma-model is defined on all of X, and not just some open set 

^•^Notice that the D operator in S'pert acts on sections of the pull-back of the anti-holomorphic bundle TX 
instead of the holomorphic bundle TX. However, this difference is irrelevant with regard to anomalies since 
PiiTX)^p,{TX). 
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U . In order to do, we will need to glue the local descriptions that we have studied above 
together, so that we will appropriately have a globally-defined /57 system and its chiral 
algebra at our disposal. 

To this end, we must first cover X by small open sets {Ua}- Recall here that in each 
the (5+-cohomology is described by the chiral algebra of local operators of a free /37 system 
on Ua- Next, we will need to glue these local descriptions together over the intersections 
{f/aflf/b}, so as to describe the global structure of the Q_,_-cohomology in terms of a globally- 
defined sheaf of chiral algebras over the entire manifold X. 

Note that the gluing has to be carried out using the automorphisms of the free /37 
system. Thus, one must first ascertain the underlying symmetries of the system, which are 
in turn divided into geometrical and non-geometrical symmetries. The geometrical sym- 
metries are used in gluing together the local sets {Ua} into the entire manifold X. The 
non-geometrical symmetries on the other hand, are used in gluing the local descriptions at 
the algebraic level. 

As usual, the generators of these symmetries will be given by the charges of the con- 
served currents of the free /57 system. Since the conserved charges must also be conformally- 
invariant, it will mean that they must be given by an integral of a dimension one current, 
modulo total derivatives. The dimension one currents of the free /?7 system can be con- 
structed as follows. 

Let us describe the currents which are associated with the geometrical symmetries first. 
Firstly, if we have a holomorphic vector field on X where V = V^{'j)-^, we can construct 
a dimension one current Jy = —V^jSi. The corresponding conserved charge is then given by 
Kv = § Jydz. A computation of the operator product expansion with the elementary fields 
7 gives 

Mzh\z') ^. (A.28) 

z — z 

Under the symmetry transformation generated by Ky, we have 6'-/^ = ie[Kv,'j'^], where e is 
a infinitesinal transformation parameter. Thus, we see from (]A.28I) that Ky generates the 
infinitesimal diffeomorphism S'j^ = ieV^ of U . In other words, Ky generates the holomorphic 
diffeomorphisms of the target space X. For finite diffeomorphisms, we will have a coordinate 
transformation 7^^ = 5''^ (7), where each (7'^ (7) is a holomorphic function in the 7'^s. Since we 
are using the symmetries of the /57 system to glue the local descriptions over the intersections 
{Ua n f/f,}, on an arbitrary intersection Ua H U^, 7*^ and must be defined in Ua and U^ 
respectively. 
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We shall now determine the current associated with the non-geometrical symmetries. 
The charge of the current should not generate any transformations on the 7*'s at all since 
these fields have a geometrical interpretation as the coordinates on X. In other words, the 
current must be constructed out of the 7*'s and their derivatives only. Thus, a suitable 
dimension one current would be given by Jb = Bi{'y)dzY, where the -Bj(7)'s are just holo- 
morphic functions in the 7*'s. The conserved charge is then given by Kb = § Jsdz. As 
explained in [10], the Bi{'y)'s must be the components of an arbitrary holomorphic (1,0)- 
form B = '^iBi{'~f)dY on X that is non-exact, i.e., for every non-vanishing Kb, there is 
a (2,0)-form C = dB, that is 9-closed (since d"^ = 0). Thus, C corresponds to a sheaf 
fl^jf'' of 9-closed (2, 0)-forms on X, which is related via the first Cech cohomology group 
H^(X, fi^'^') to the moduli of the chiral algebra of the sigma-model [101 E]- This point will 
be important in our forthcoming paper, where we will investigate the physical interpretation 
of a "quantum" geometric Langlands correspondence in a similar context, albeit with fluxes 
that correspond to the moduli of the chiral algebra turned on. 

Local Field Transformations and Gluing the Free jSj Systems 

Let us now describe how the different fields of the free jSj system on any U will trans- 
form under the geometrical and non-geometrical symmetries generated by Ky and Kb re- 
spectively. Via a computation of the relevant OPEs, we have 



where i, j, k = 1,2, . . . , N = dimcX. Here, D and E are N x N matrices such that [-D]^ = 
[dg]-^ and [E] = [dB], that is, [{D^)-%'' = dig'' and [E]ij = diBj. 

Note that in order to consistently glue a pair of free f3'y systems in any overlap region 
Ua n Ub, one will need to use the relations in (]A.29p - (]A.30p to glue their free fields together. 
As required, (lA.29p - (]A.30p defines an automorphism of the free /37 system - the 7* and /3' 
fields produce the correct OPE's amongst themselves. 

A Sheaf of CDO's 

Last but not least, note that (]A.29p - (lA.30p actually define the automorphism relations 
of a sheaf O'^ of Chiral Differential Operators or CDO's on X p7[]. In other words, A ~ O'^. 
Hence, the (5+-cohomology and therefore the holomorphic chiral algebra A of the twisted 
(0,2) sigma-model will be given by ^^^H'^^{X,0'j^) - the sum of all Cech cohomology 
groups of the sheaf of CDO's on X, as a vector space. 



(A.29) 
(A.30) 
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